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ABSTRACT
The prime goal of this thesis is to study anomalous gauge boson self couplings, triple
gauge boson couplings in particular, with the help of spin polarization observables of the
gauge bosons Z and W± in the presence of beam polarizations where ever possible. The
neutral triple gauge boson couplings, i.e., ZZZ, ZZγ, Zγγ, are studied in ZZ/Zγ (2lqq¯/2lγ)
production at an e+e− collider with and without beam polarization. Some of these anoma-
lous couplings are also studied in ZZ (4l) production at the LHC. In the charge sector the
anomalous gauge boson couplings, i.e., WWZ, WWγ have been studied at an e+e− collider in
W+W− (l−ν¯lq′q¯) production. The WWZ anomalous couplings are also studied in ZW± pro-
duction at LHC in 3l+ ET channel. All the analyses at an e+-e− collider have been performed
for center-of-mass (CM) energy of 500 GeV and integrated luminosity of 100 fb−1. The
analyses at the LHC are performed at 13 TeV CM energy of pp collisions. The cross sec-
tions and polarization asymmetries, along with other asymmetries (forward-backward, az-
imuthal), are used to obtain simultaneous limits on the anomalous couplings using Markov-
Chain–Monte-Carlo (MCMC) method in each process. The polarization asymmetries can
distinguish between CP-even and CP-odd couplings and help to put tighter constraints on
the couplings. The polarization of the initial e− and e+ beam, in case of e+e− collider, are
used to increase the signal to background ratio, putting tighter constraints on the anomalous
couplings. The polarization asymmetries are instrumental in the measurement of anomalous
couplings should a deviation from the SM be observed.
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QFT Quantum field theory
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The Standard Model (SM) [1–9] of particle physics is one of the most remarkably suc-
cessful fundamental theories to describe the governing principle of elementary constituents
of matter and their interactions in the Universe. It explains almost all the phenomena ob-
served in Nature at a small length scale. The theoretical predictions of the SM are being con-
firmed time and again with a spectacular accuracy with the discovery of many fundamental
particles and interactions. The particle spectrum of the SM is complete with the discovery
of its last milestone, the Higgs boson at the Large Hadron Collider (LHC) [10, 11] in 2012.
However, the SM is too far from being a final theory (theory of everything) as it has many
issues within the theoretical framework, such as the hierarchy of mass scales, the strong CP
problem, and it is unable to address some experimental facts, such as neutrino oscillation,
dark matter, baryogenesis, and many more. Many theories, with SM as a subset, have been
postulated to address the unresolved issues predicting new particles and new interactions,
i.e., new physics beyond the SM (BSM). Searches for such new physics are going on at the
LHC with higher energy and higher luminosity, but sadly one has not found anything beyond
the SM [12–16] till date except few fluctuations (e.g., see Refs. [17–19]). One could expect
1
2 Introduction
that the new physics scale is too heavy to be directly explored by the current LHC, and they
may leave some footprints in the available energy range. They will modify the structure of
the SM interactions or bring some new interactions often through higher-dimensional opera-
tors with the SM fields. These new vertices and/or the extra contributions to the SM vertices
are termed as anomalous in the sense that they are not present in the SM at leading order. The
electroweak sector will get affected by the anomalous bosonic self couplings, which alter the
paradigm of electroweak symmetry breaking (EWSB) [20–23]. To test the SM (or BSM)
predictions for the EWSB mechanism, precise measurements of the Higgs couplings with all
other gauge bosons, Higgs self-couplings, and gauge boson self-couplings are necessary.
This thesis is focused on the study of gauge boson self couplings, in particular, anomalous
triple gauge boson couplings (aTGC). The anomalous gauge boson couplings which carry
information of high scale new physics in the electroweak sector can be modelled through
effective field theory (EFT) in a model independent way. In EFT, one can preserve the SM
gauge symmetry or just consider the Lorentz invariance. Both approaches serve as an open-
minded method of describing low energy impacts of new physics at much higher energy
scales. There are lots of studies of the aTGC in the literature on the theoretical side as well
as in various experiments in various ways with cross sections and some asymmetries. In-
novative techniques with more observables are required to probe many unknown anomalous
couplings parameters in experiments. Our strategy, here, is to use the polarizations of gauge
bosons to probe the aTGC and we will see that they give significant contributions in pinning
down the aTGC.
Before going to the main contents, we give a brief introduction of the SM which is
very important to understand the aTGC. We will close the introduction chapter by giving a
description of the aTGC in the EFT approach followed by contributions from some of the
BSM scenarios.
1.1 The Standard Model of particle physics
The SM relies on the framework of quantum field theory (QFT), where the fundamental
particles are treated as discrete excitations of an underlying dynamical field. The SM is
constructed by postulating a set of underlying symmetries and considering the most gen-
eral renormalizable Lagrangian with the field contents. The symmetry of the SM is based
on the local gauge transformation, i.e., separately valid at each space-time point x, under
S U(3)C ⊗ S U(2)L ⊗U(1)Y group, which describe the fundamental forces in Nature: the
1.1 The Standard Model of particle physics 3
Table 1.1. The gauge quantum numbers of the SM fields in the S U(3)C ⊗S U(2)L⊗U(1)Y gauge
group.
Field/ Quantum number S U(3)C S U(2)L U(1)Y T3 QEM = T3 + Y
qL =
quqd

L
3 2 +16
+12 +
2
3
−12 −13
quR 3 1 +
2
3 0 +
2
3
qdR 3 1 −13 0 −13
lL =
νll−

L
1 2 −12
+12 0
+12 −1
lR 1 1 −1 0 −1
Φ =
Φ+Φ0
 1 2 +12 +12 +1−12 0
strong, the weak and the electromagnetic interactions excluding the gravity. Each gauge
symmetry manifestly gives rise to gauge boson mediators for each interaction. The particle
content of the SM in the matter sector, all with spin 1/2, are the six quarks, endowed with
both color (S U(3)C) and electroweak charges (S U(2)L ⊗U(1)Y), six leptons with no color
but with electroweak charges. The matter fermions (quarks and leptons) are present in three
generations with identical quantum number but different masses with the pattern
Leptons (l) :
νll−
 =
νe νµ ντe− µ− τ−
 and
Quarks (q) :
quqd
 =
u c td s b
 . (1.1.1)
The mediators (gauge bosons) of the strong, weak and electromagnetic forces are, of spin
1; eight massless gluons (g) for strong interaction, three massive gauge boson (W+, W− and
Z) for the weak interaction and one massless photon (A) for the electromagnetic interac-
tion. While the color (S U(3)C) symmetry is conserved, the electroweak (S U(2)L ⊗U(1)Y)
symmetry is broken leaving some of its generators to be massive. The electroweak gauge
symmetry is spontaneously broken by the celebrated Brout-Englert-Higgs-Kibble (BEHK)
mechanism, which generates mass terms for the massive vector bosons by the spin-0 Higgs
field (Φ). The quantum excitation of the Higgs field gives rise to the particle Higgs boson
(h).
4 Introduction
The weak interaction in the SM is chiral, i.e., the left chiral and the right chiral fermion
fields given by
ψL/R =
1
2
(1∓γ5)ψ = PL/Rψ (1.1.2)
transform differently under S U(2)L group. Due to the chirality, each of the three fermion
generations come with five different representation as qL, quR, qdR, lL, and lR, shown in
Table 1.1 along with their quantum numbers. The left-handed fields transform as doublet,
while the right-handed fields transform as singlet under the S U(2)L group. All quarks, hav-
ing three color degrees of freedom, transform as triplet under the S U(3)C subgroup equally
for left-handed and right-handed fields. The leptons remain singlet under the S U(3)C .
The gauge field mediators arise naturally when the local gauge invariance is imposed on
the free Lagrangian. For example, the free quantum electrodynamic (QED) Lagrangian
L0 = iψ(x)
(
/∂−m)ψ(x) (/∂ = γµ∂µ) (1.1.3)
is invariant under the local1 U(1) transformations
ψ(x)
U(1)−−−→ ψ′(x) ≡ exp{iQθ(x)}ψ(x) (1.1.4)
if
∂µ → Dµ ≡ ∂µ− ieQAµ(x), Aµ(x) → A′µ(x) ≡ Aµ(x) +
1
e
∂µθ(x), (1.1.5)
i.e., introducing a new spin-1 field Aµ(x) which is realized as photon in Nature. The local
gauge invariance, thus, of a Lagrangian demands a gauge field or gauge mediator. For the
Aµ(x) to be a free propagating field one needs to add the gauge invariant kinetic term for it as
Lkin = −14Fµν(x)F
µν(x), (1.1.6)
where Fµν = ∂µAν−∂νAµ is the usual electro magnetic field strength tensor. A possible mass
term of Aµ(x) of the form m2AA
µAµ is forbidden as it breaks the gauge invariance. The total
gauge invariant QED Lagrangian
LQED = iψ(x)
(
/D −m)ψ(x)− 1
4
Fµν(x)Fµν(x) (1.1.7)
1Local or space-time dependence is required as the space time dependent phase of charged fields should not
be observable.
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gives the well known Maxwell equations:
∂µFµν = Jν, jν = −eQψγνψ. (1.1.8)
The electromagnetic (EM) current jν couple to the photon field Aν with the interaction term:
LQED(int) = AνJν = eQAν(x)ψ(x)γνψ(x). (1.1.9)
The electromagnetic interaction and the weak interaction are unified as the electroweak
theory under the gauge group S U(2)L ⊗U(1)Y . For the U(1)Y abelian gauge symmetry a
Bµ field with generator Y (hypercharge) is introduced (similar to Aµ in QED case); for the
S U(2)L non abelian gauge symmetry, three (22−1 = 3) gauge fields Waµ with three generators
T a = σa/2 are required. The strong interaction, however, remain unbroken requiring eight
(32−1 = 8) gauge field Gcµ with eight generators Ta = λa/2 for the S U(3)C gauge invariance.
The local gauge invariance of the full S U(3)C ⊗ S U(2)L ⊗U(1)Y symmetry require the co-
variant derivative Dµ in Eq. (1.1.5) to be
Dµ = ∂µ− ig′YBµ− ig12σ
aWaµ − igs
1
2
λaGaµ. (1.1.10)
Here g′, g and gs are the couplings constant in U(1)Y , S U(2)L and S U(3)C subgroup, re-
spectively. The σa and λa are Pauli matrices (see Eq. (A.0.1)) and eight Gell-Mann matrices,
respectively. The non-Lorentz indices a on the gauge field W and G run on S U(2)L flavour
space and the color space, respectively. The generators Y , T a, and the Ta follow the algebra:
[
Ta,Tb
]
= i f abcTc,
[
T a,T b
]
= iabcT c,
[
Ta,T b
]
=
[
Ta,Y
]
=
[
T a,Y
]
= 0. (1.1.11)
The gauge invariant matter Lagrangian of the SM is given by
Lmatter = iqL /DqL + ilL /D
(lL)lL + iquR /D
(qR)quR + iqdR /D
(qR)qdR + ilR /D
(lR)lR, (1.1.12)
where D (lL), D (qR), and D (lR) are given by (according to Table 1.1),
D (lL)µ = ∂µ− ig′YBµ− ig12σ
aWaµ ,
D (qR)µ = ∂µ− ig′YBµ− igs 12λ
aGaµ,
D (lR)µ = ∂µ− ig′YBµ. (1.1.13)
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The Lagrangian with kinetic terms for the gauge fields is
Lgauge = − 1
4g′2
BµνBµν− 14g2 W
µν
a W
a
µν−
1
4g2s
Gµνa G
a
µν (1.1.14)
with the field strength tensors given by
Gaµν = gs
(
∂µGaν −∂νGaµ+ gs f abcGbµGcν
)
, (1.1.15)
Waµν = g
(
∂µWaν −∂νWaµ + gabcWbµWcν
)
, (1.1.16)
Bµν = g′
(
∂µBν−∂νBµ
)
. (1.1.17)
The mass terms for the gauge fields can not be added by hand as they break the gauge
invariance. Fermion masses can also not be added as they would generate left-chiral and
right-chiral mixing breaking the gauge invariance explicitly. A scalar doublet under S U(2),
the Higgs scalar field (quantum number given in Table 1.1),
Φ =
Φ+Φ0
 (1.1.18)
comes to rescue by generating mass of the heavy gauge bosons by spontaneous symmetry
breaking (SSB). The gauge invariant Higgs Lagrangian is given by,
LHiggs =
(
D (lL)µ Φ
)† (
D (lL)µ Φ
)
−µ2Φ†Φ−λ
(
Φ†Φ
)2
. (1.1.19)
The potential
V(Φ) = µ2Φ†Φ+λ
(
Φ†Φ
)2
(1.1.20)
get a non-vanishing vacuum expectation value (VEV) for µ2 < 0 as,
〈Φ〉 = v√
2
=
1√
2
√
−µ2
λ
, (1.1.21)
which break the S U(2)L ⊗U(1)Y symmetry spontaneously down to U(1) electro magnetic
with generator QEM = T3 + Y . The scalar field Φ, after removing the would-be Goldstone
boson, can be expressed as,
Φ =
1√
2
 0v+ h
 , (1.1.22)
h being the excitation around the minima. The h turn out to be a physical degree of freedom,
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the Higgs boson with mass
mh =
√
2λv. (1.1.23)
After the SSB the kinetic term
(
DµΦ
)† (
DµΦ
)
of the Higgs field gives the mass terms of the
physical gauge bosons W± and Z as,
Lmass =
1
4
g2v2W±µW∓µ +
1
8
(
g2 + g′2
)
v2ZµZµ+ 0× (AµAµ) (1.1.24)
after rewriting the gauge field in their mass basis as,
W± = 1√
2
(W1∓ iW2) ,
Zµ = cosθWW
µ
3 − sinθW Bµ,
Aµ = sinθWW
µ
3 + cosθW B
µ (1.1.25)
with
tanθW =
g′
g
. (1.1.26)
The θW , called the weak mixing angle, represents a rotation angle from the “interaction”
basis (where fields have well- defined transformation properties under the gauge symmetry),
Wµ3 and B
µ, into their mass basis for the vector bosons, Zµ and Aµ. The W and Z, thus,
acquire masses as,
mW =
1
2
gv, mZ =
1
2
√(
g2 + g′2
)
v, (1.1.27)
wile the photon Aµ remain massless. The θW provides a relation between the vector boson
masses with the parameter
ρ =
m2W
m2Z cos
2 θW
= 1 (1.1.28)
at the tree level. The fermions also get their masses after SSB via the Yukawa terms given
by,
LYukawa = −Yui jqLiquR jΦ˜−Ydi jqLiqdR jΦ−Y li jlLilR jΦ+ h.c, Φ˜ = iσ2Φ?. (1.1.29)
The Yukawa matrix Yi j are in general 3× 3 matrix of dimensionless couplings, and can be
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chosen in diagonal basis as,
Yu = diag(yu,yc,yt), Yd = diag(yd,ys,yb), Y l = diag(ye,yµ,yτ) (1.1.30)
without any loss of generality. After SSB, theLYukawa generates the mass terms
LYukawa(mass) = − ylv√
2
lLlR−
yqv√
2
qLqR (1.1.31)
with the fermion masses given by,
ml =
ylv√
2
, mq =
yqv√
2
. (1.1.32)
The total SM Lagrangian is thus given by,
LS M =Lmatter +Lgauge +LHiggs +LYukawa. (1.1.33)
The SM Lagrangian needs the gauge fixing of the field strength tensors required to have a
finite propagator and also the ghost term for the s-matrix to remain unitary. The gauge fixing
terms and the ghosts do not appear in the physical observables.
1.1.1 The interactions in the SM electroweak theory
The matter part Lmatter in Eq. (1.1.12) and gauge part Lgauge in Eq. (1.1.14) of the SM
Lagrangian generates interactions between the gauge bosons and fermions as well as the
gauge bosons themselves, which are discussed in the next subsection. The relevant Feynman
rules for this thesis in the electroweak sector (excluding quartic gauge couplings) are given
in appendix A for completeness.
1.1.1.a Charged and neutral current interactions
The neutral current and the charge current interactions of the fermions with the electroweak
gauge bosons arise from the LagrangianLmatter in Eq. (1.1.12) and they are given by,
Lint = −ig′Bµ
∑
j=L,R
Y jψ jγ
µψ j− igψLγµT aWaµψL, (1.1.34)
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where ψ represents the fermion field given in Table 1.1. The terms containing in the S U(2)L
matrix
1
2
σaWaµ =
1
2
 W3µ
√
2W+µ√
2W−µ −W3µ
 (1.1.35)
give the charged current interactions
LCC =
g
2
√
2
{
W+µ
[
u¯γµ (1−γ5)d + ν¯eγµ (1−γ5)e]+ h.c.} (1.1.36)
for a single family of quarks and leptons, see Eq. (1.1.1). Gauge symmetry thus brings the
universality of the quarks and leptons interacting with the charge gauge bosons W±. For the
quarks, the mass basis (diagonal Yukawa matrix) are not the same as the interaction basis.
When one writes the weak eigenstates of the quarks in their mass basis, a unitary matrix V ,
called the Cabibbo-Kobayashi-Maskawa (CKM) matrix, arises in the quark charged current
interaction as,
LCC(CKM) =
g
2
√
2
W+µ ∑i, j q¯uiγµ (1−γ5)Vi jqd j + h.c.
 . (1.1.37)
The CKM matrix V couples any up-type quark (qu) to all down-type quarks (qd).
The interaction term Lint in Eq. (1.1.34) also contains the interactions of fermions with
the neutral gauge fields W3µ and Bµ, which are related to the physical neutral gauge bosons
Zµ and Aµ, as given in Eq. (1.1.25). The neutral interactions in terms of the physical gauge
bosons are given by,
LNC = −
∑
j=L,R
ψ jγ
µ
{
Aµ
[
g
σ3
2
sinθW + g′Y j cosθW
]
+ Zµ
[
g
σ3
2
cosθW −g′Y j sinθW
]}
ψ j.
(1.1.38)
To recover the QED interaction in Eq. (1.1.9) containing the Aµ term in the above equation,
one needs to impose the conditions
gsinθW = g′ cosθW = e, Y = Q−T 3, (1.1.39)
where Q denote the charge operator as,
QL =
Qu/ν 00 Qd/e
 , QR = Qu/ν, Qd/e. (1.1.40)
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The first identity relates the observable EM coupling e to the couplings of the unified elec-
troweak theory. The second identity provides the hypercharges of the fermions in terms of
their electric charges and weak iso-spin, given in Table 1.1. A hypothetical right handed neu-
trino would not interact with W± boson as both of it’s electric chareg and weak hypercharge
will be zero. The neutral current interaction containing the Z boson is given by,
LNC(Z) =
e
2sinθW cosθW
Zµ
∑
j=L,R
ψ jγ
µ(σ3−2sin2 θW Q j)ψ j (1.1.41)
which can be simplified as,
LNC(Z) =
gZ
2
Zµ
∑
f
f¯γµ(v f −a fγ5) f , gZ = gcosθW , (1.1.42)
where axial coupling a f and vector couplings v f are given by,
a f = T 3f , v f = T
3
f −2Q f sin2 θW . (1.1.43)
The values of a f and v f of all the fermions can be deduced from the Table 1.1 and they are
given in Table 1.2.
Table 1.2. Value of axial coupling a f and vector couplings v f to the Z boson given in Eq. (1.1.42)
& (1.1.43).
qu qd νl l
a f 12 −12 12 −12
v f 12 − 43 sin2 θW −12 + 23 sin2 θW 12 −12 + 2sin2 θW
1.1.1.b Gauge self couplings
The gauge partLgauge in Eq. (1.1.14) of the electroweak theory generates cubic and quartic
interactions among the gauge bosons in the following form:
LWWV = igWWV
[(
W+µνW
−µ−W+µW−µν
)
Vν+ W+µ W
−
ν V
µν
]
, (1.1.44)
LW4/W2V2 = −
g2
2
[(
W+µ W
−µ)2−W+µ W+µW−ν W−ν]
− gWWV1V2
[
W+µ W
−µV1νVν2 −W+µ Vµ1 W−ν Vν2
]
, (1.1.45)
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with V = Z/A and
W±µν = ∂µW±ν −∂νW±µ , Vµν = ∂µVν−∂νVµ,
gWWγ = −gsinθW , gWWZ = −gcosθW ,
gWWZZ = (gcosθW)2 , gWWAA = (gsinθW)2 , gWWAZ/WWZA = g2 sinθW cosθW .
(1.1.46)
There are no gauge couplings among only the neutral gauge bosons in the SM at tree level.
However, higher order corrections can generate neutral triple gauge boson vertex and also
can contribute to the existing tree level cubic and quartic gauge boson self couplings. Higher
dimensional effective operators of the SM fields and new physics effect can produce triple
and quartic gauge boson couplings beyond the SM tree level structures, which we will discuss
in section 1.3.
1.1.1.c Higgs couplings
The Lagrangian LHiggs includes Higgs self couplings as well as Higgs to gauge boson cou-
plings in the form:
LHiggs(int) = −
m2h
2v
h3− m
2
h
8v2
h4 + m2WW
−
µ W
+µ
(
2h
v
+
h2
v2
)
+ m2ZZµZ
µ
(
2h
v
+
h2
v2
)
. (1.1.47)
The Higgs (h) couples to the gauge bosons proportional to their masses. There are no hAA
nor hhAA couplings present in the SM, as the h has zero EM charge and should not couple
to EM force carrier. Another way of looking the absence is that the photon is massless,
and hence it’s coupling to Higgs is zero. The fermion couples to the Higgs thorough the
LagrangianLYukawa in the form:
LYukawa(int) = −hv
[
mllLlR + mqqLqR
]
. (1.1.48)
The Higgs to fermion couplings are also proportional to the fermion masses.
1.1.2 Summary of the SM
The SM beautifully accommodates the electroweak and the strong interactions under the
S U(3)C ⊗S U(2)L⊗U(1)Y gauge group predicting or explaining almost all the experimental
facts. All the theoretical predictions of the SM, such as the weak neutral current; existence
12 Introduction
and masses of W and Z bosons; the existence of τ, c, b, and t were discovered at various
colliders with spectacular accuracy. The particle spectrum of the SM got completed with the
discovery of the last milestone, the Higgs boson, at the LHC in 2012. The ρ parameter (in
Eq. (1.1.28)), predicted to be 1 by the SM, was confirmed with great accuracy at colliders.
It receives a small perturbative correction, however, related to a broken S U(2)L × S U(2)R
“custodial” symmetry of the Higgs potential [24]. However, the SM is believed to be not a
complete theory for various issues, which are discussed in the next section.
1.2 Problems in the SM with possible solutions
Although the SM is a highly successful theory, it suffers various problems within the theo-
retical framework. It is also unable to explain many observed phenomena. The SM requires
a large number of arbitrary free parameters (19 free parameters [25]), too much for a funda-
mental theory believed by most physicists. The other fundamental problems are discussed
below.
Gauge problem The SM has three separate gauge couplings; they do not unify at high
scale after running. We do not have an explanation for the electroweak part only being chiral.
The SM includes but does not explain the charge quantization, i.e., why electric charges are
multiple of e/3. One possible solution includes grand unified theory (GUT) which predicts
the existence of magnetic monopole and decay of the proton (e.g., see Refs. [26, 27]) not
observed yet.
Fermion problem The SM contains three generations of fermions, whereas e−, u, d alone
from the first generation make up all the visible matter in the Universe. There is no suit-
able explanation of the existence of the other heavier fermions. More ever, the mass of
the fermions are input by hand or from the experiment; they do not originate from the SM.
Possible solutions are given as an extension of the SM, such as the model of composite
fermions, the model of radiative hierarchies where the fermion masses are generated at the
loop-level [28, 29], model of extra dimension [30–32], etc.
Higgs mass hierarchy The Higgs mass gets divergent corrections from the top quark loop
as
m2H =
(
m2H
)
0
+O
(
Λ2uv
)
, (1.2.1)
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where the Λuv is the energy scale of a ultraviolet complete theory, e.g., the Planck scale (or
the grand unification scale). Thus, the natural scale of mH is O(Λuv), which is much larger
than the observed values of mH = 125 GeV. There must be an incredibly unnatural fine tuning
to cancel the quadratic corrections to the tree level mass or bare mass. One solution could be
to forget about the elementary Higgs field and consider the dynamical generation of mass:
technicolor and composite Higgs model are in favour to this [33, 34]. Various other models
of SM extension (e.g., extra dimension) also shed light on it. The most compelling solution
is the supersymmetry (SUSY) for the hierarchy problem. In SUSY, each fermion and boson
have their bosonic and fermionic superpartner: the quadratic divergent from the fermionic
loop of the Higgs mass cancels way by the bosonic superpartner loop. The superpartners
have not been observed yet, but not ruled out.
Strong CP problem In the current mathematical formulation of quantum chromodynam-
ics (QCD), CP can be violated by including the term θ×GµνG˜µν (G˜µν = 1/2µναβGαβ is the
dual field) in to the Lagrangian. This would induce electric dipole moment to neutron (n),
but the very small value of this put a stringent limit on θ to be O(10−10) [35]. Thus, QCD
does not violate CP; whereas, there is no explanation for that in the SM. There are several
extensions of the SM to solve the strong CP problem. The most well-known solution is the
Peccei–Quinn mechanism involving a new pseudo-scalar (imposing a U(1) global symme-
try) particle named axion [36,37]. The axions are being searched at various experiments, but
no evidence of its existence has been found yet [38, 39].
Neutrino oscillation In the SM, the neutrinos are massless. However, compelling evi-
dences [40–44] are there for neutrino oscillation suggesting small neutrino mass and mixing.
The SM does not provide any mechanism for neutrino mass and their mixing. The most pop-
ular mechanism for the small neutrino mass is the seesaw mechanism [45–47], where two
or more right-handed neutrinos with large Majorana mass are assumed. The right-handed
neutrino induces a very small mass to the left-handed neutrino reciprocal to the heavy mass.
Many derivatives of the seesaw mechanism exist, such as type I, type II, inverse, etc [48] of
which inverse seesaw mechanism has obtained great interest nowadays [49].
Dark matter To the current belief in accordance with astrophysical and cosmological data,
dark matter (DM) is one of the main ingredients (about 26 %) of the Universe [50, 51]. The
SM does not provide any fundamental particles that could be good dark matter candidates.
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There are plenty of models with extension to the SM postulating candidates for dark mat-
ter [52–54] with extra dimension [55], supersymmetry, axion, inverse seesaw [56], etc.
Baryogenesis The Universe is made out of mostly the matter (baryon). According to the
SM, the matter and anti-matter should be present in equal amounts, resulting in zero baryon
number. No sufficient mechanism exists in the SM to explain the matter dominance over
anti-matter. One solution for this is to break baryon number symmetry in a GUT theory with
mediating a massing X boson or heavy Higgs (H0) boson [57].
The various models which address the issues of the problems mentioned above predict new
particles along with new interactions. However, no new resonance beyond the SM has been
observed until now at the current reach of energy. We could thus expect that the new physics,
undoubtedly necessary, could be standing at a higher energy scale; these new physics may
leave their footprint to the low energy available to us. They will modify the interactions
among the SM particles or bring new interactions among them. Precision study of these
modified or new interactions, which are called anomalous, in a way, could reveal new physics
scenario. The anomalous interactions can be studied considering a given model and also can
be modelled by higher dimensional effective operators formed by the SM fields, which goes
by the name of effective field theory (EFT). Our aim here is to study the anomalous gauge
boson couplings focusing on the EWSB. In the next section, we give a brief description of
EFT for the anomalous gauge boson self-interactions with contributions from some of the
BSM models.
1.3 EFT and anomalous gauge boson couplings
u(p)
e−
d(n)
νe
W−
(a)
u(p)
e−
d(n)
νe
(b)
⇒
1
Figure 1.1. Beta decay (d→ u conversion) with W− (a) exchange and effective four-point inter-
action (b).
To begin with the EFT, let us start with the classic example of Fermi’s theory of weak
interaction (beta decay) at low energy. Fermi was able to describe the beta decay n(udd)→
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p(uud) + e− + ν¯e with high level accuracy with a four-point fermion interaction with a cou-
pling constant GF . The beta decay is proceeded via the exchange of the W− boson at the
symmetry breaking scale (VEV). In the low energy, the W− can not be produced (extreme
off-shell W− is produced) and this interaction effectively boils down to a four-point contact
interaction. The tree level amplitude for the diagram (a) in Fig. 1.1 is
MW =
(−ig√
2
)
Vud
(
u¯γµPLd
) −igµνp2−m2W
(e¯−γνPLνe) (1.3.1)
with Vud being the CKM mixing matrix element and p being the momentum transfer of the
W− propagator. In low energy, i.e., p mW , the W propagator can be expanded as,
1
p2−m2W
= − 1
m2W
1 + p2m2W + p
4
m4W
+ . . .
 (1.3.2)
with different order of expansion w.r.t p/mW . Retaining only the first term, we obtain the
amplitude in Eq. (1.3.1) as,
MW =
i
m2W
(−ig√
2
)
Vud
(
u¯γµPLd
) (
e¯−γµPLνe
)
+O(
1
m4W
) (1.3.3)
which resembles the amplitude for the four-point interaction vertex shown in Fig. 1.1(b)
as [58],
M4 f = −GF√
2
Vud
(
u¯γµ(1−γ5)d) (e¯−γµ(1−γ5)νe) . (1.3.4)
One can easily identify the Fermi constant (GF) as,
GF√
2
≡ g
2
8m2W
. (1.3.5)
Thus the effective Lagrangian
L =
−4GF√
2
Vud
(
u¯γµPLd
) (
e¯−γµPLνe
)
(1.3.6)
is the low energy limit of the SM. The EFT does not have the dynamical W; however, the
effect of W exchange in the SM is incorporated by the dimension-6 four-fermion operator.
New physics beyond the SM can also provide the four-fermion contact interaction contribut-
ing to the Fermi constant GF . Flavour changing processes such as µ → e through weak
current can also be parametrized by a four fermion contact interaction at low energy.
16 Introduction
In EFT, one adds higher dimensional effective operators suppressed by an energy cut-off
(Λ) with the SM fields and obtain the interactions after symmetry breaking [59]. Thus, EFT
acts as a bridge between heavy scale new physics and low energy experimental observations.
In EFT, there are two main approaches to follow: top-down and bottom-up. In the top-down
approach, a high energy theory is known (GUT like), and the low energy effective operators
are obtained by integrating out the heavy scale associated with the theory. This approach
is thus, model dependent. The heavy scale gets encoded into the Wilson coefficient or the
coupling constants of the remnant interactions. In the bottom-up approach, however, a fun-
damental theory at high energy is unknown, but one uses the known symmetry and particles
of the SM and construct higher dimension operators to model the effects of new physics in
a model independent way. In the above example, Fermi modelled the weak interaction by
four-fermion contact interactions, which falls under the bottom-up approach. We integrated
out the W boson to get the effective four-fermion operator at low energy, which falls under
the top-down approach. In both the way, the effective Lagrangian incorporating the effective
higher dimension operators is taken as,
Le f t =LS M +
∑
D≥4
∑
i
c(D)i
ΛD−4
O (D)i (1.3.7)
encapsulating all the desired operators (
∑
iOi) at given order (D) of Λ. Here, c
(D)
i are the
coefficients of the dimension-D operator O (D)i . Avoiding the baryon number and lepton
number violation the effective Lagrangian becomes [59]
Le f t =LS M +
∑
i
c(6)i
Λ2
O (6)i +
∑
i
c(8)i
Λ4
O (8)i + . . . , (1.3.8)
which encapsulates only the even order effective operators. As we go to higher and higher
order, the effect of them become lower and lower in the low energy. Almost all of the studies
available in literature contain operators only up to order Λ−4, of which most of them contain
only up to Λ−2. A complete list of dimension-6 operators (a total of 80) respecting the SM
gauge group has been given by Buchmuller et al. in Ref [59] in gauge sector, fermion sector,
and gauge with fermions.
The kinetic terms of the gauge fields in the SM Lagrangian (Eq. (1.1.14)) generate in-
teractions of triple gauge bosons WWV (V = Z/γ) and quartic gauge bosons WWVV due to
the non abelian nature of S U(2)L symmetry as given in Eqs. (1.1.44) & (1.1.45). There are
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1Figure 1.2. Triple gauge boson vertex with V = Z/γ. Anomalous contributions are shown by the
shaded blob.
no gauge boson vertices among the neutral gauge bosons, i.e., ZZZ, ZZγ, Zγγ, and γγγ are
not present in the SM. As we stated earlier, heavy scale new physics may induce new gauge
boson vertices and also modify the SM gauge boson vertices through the effective higher
dimension operators. The new or modified form factors (a function of the momentum of the
gauge bosons) are called anomalous. In the SM, there could be some extra contributions to
the gauge boson vertices through higher order loop corrections. For example, a triangular
diagram with top-quark running in the loop can provide some of the anomalous triple gauge
boson couplings. In this thesis, we focus on the study of the anomalous triple gauge boson
vertices (see Fig. 1.2) in the charge sector as well as in the neutral sector with terms up to
dimension-6 in a model independent way.
To the lowest order (i.e., upto dimension-6), the operators in HISZ basis [60] contributing
to WWV couplings, respecting the SM gauge symmetry, are [61, 62]
OWWW = Tr[WµνWνρW
µ
ρ ],
OW = (DµΦ)†Wµν(DνΦ),
OB = (DµΦ)†Bµν(DνΦ),
OW˜WW = Tr[W˜µνW
νρWµρ ],
OW˜ = (DµΦ)
†W˜µν(DνΦ), (1.3.9)
where W˜µν is the dual of Wµν given by W˜µν = 1/2µνρσWρσ (0123 = +1). Among these
operators OWWW , OW and OB are CP-even, while OW˜WW and OW˜ are CP-odd. In the neutral
sector, however, there are no dimension-6 operators contributing to the neutral triple gauge
boson couplings ZVV; they appear only at dimension-8. The dimension-8 operators in HISZ
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basis under the SM gauge group contributing to the anomalous ZVV are [63],
OBW = iΦ†
(
Bµν/g′
) (
Wµρ/g
) {Dρ,Dν}Φ,
OWW = iΦ†
(
WµνWµρ/g2
)
{Dρ,Dν}Φ,
OBB = iΦ†
(
BµνBµρ/g′
2
)
{Dρ,Dν}Φ,
OB˜W = iΦ
† (B˜µν/g′) (Wµρ/g) {Dρ,Dν}Φ. (1.3.10)
The first three operators are CP-odd; the last one is CP-even.
The above operators are invariant under the S U(2) ⊗U(1) gauge group. In order to
establish the SM couplings and/or to capture new physics irrespective of any symmetry, one
has to go beyond the SM gauge symmetry. In this way, one can only consider the Lorentz
invariance and U(1)EM symmetry to construct more general form factors as a function of the
momentum involved in a given vertex. In the form factor formalism, the effective WWV and
ZVV Lagrangian are given by [64],
LWWV = igWWV
[
gV1 (W
+
µνW
−µ−W+µW−µν)Vν+ igV4 W+µ W−ν (∂µVν+∂νVµ)
− igV5 µνρσ(W+µ ∂ρW−ν −∂ρW+µ W−ν )Vσ+
λV
m2W
W+νµ W
−ρ
ν V
µ
ρ
+
λ˜V
m2W
W+νµ W
−ρ
ν V˜
µ
ρ + κ
VW+µ W
−
ν V
µν+ κ˜VW+µ W
−
ν V˜
µν
]
(1.3.11)
and
LZVV =
e
m2Z
[
−
[
f γ4 (∂µF
µβ) + f Z4 (∂µZ
µβ)
]
Zα(∂αZβ) +
[
f γ5 (∂
σFσµ) + f Z5 (∂
σZσµ)
]
Z˜µβZβ
−
[
hγ1(∂
σFσµ) + hZ1 (∂
σZσµ)
]
ZβFµβ−
[
hγ3(∂σF
σρ) + hZ3 (∂σZ
σρ)
]
ZαF˜ρα
−
 h
γ
2
m2Z
[
∂α∂β∂
ρFρµ
]
+
hZ2
m2Z
[
∂α∂β(+ m2Z)Zµ
]ZαFµβ
+
 h
γ
4
2m2Z
[
∂σFρα
]
+
hZ4
2m2Z
[
(+ m2Z)∂
σZρα
]ZσF˜ρα
]
, (1.3.12)
respectively. In the SM gV1 = 1, κ
V = 1 and other couplings are zero, see Eq. (1.1.44). In the
charge sector, the couplings gV1 , κ
V and λV are CP-even (both C and P-even), while gV4 (odd
in C, even in P), κ˜V and λ˜V (even in C, odd in P) are CP-odd. The gV5 is, however, both C
and P-odd making it CP-even. In the neutral sector, the couplings f V4 , h
V
1 , h
V
2 correspond to
the CP-odd form factors, while f V5 , h
V
3 , h
V
4 correspond to the CP-even ones. We note that
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although the Lagrangain in Eq. (1.3.12) provieds a Zγγ couplings as given in Fig. 1.2, this
does not appear in a two on-shell photons production process as it is forbidden by Yang-
Landau theorem [65, 66].
The couplings of the form factors in Eq. (1.3.11) & Eq. (1.3.12) are related to the cou-
plings of the operators in Eq. (1.3.9) & Eq. (1.3.10), respectively when S U(2)⊗U(1) gauge
invariance is assumed. The relations between form factor couplings and operator couplings
in the charge sector are given by [61, 62, 67],
∆gZ1 = cW
m2Z
2Λ2
,
gV4 = g
V
5 = ∆g
γ
1 = 0,
λγ = λZ = λV = cWWW
3g2m2W
2Λ2
,
λ˜γ = λ˜Z = λ˜V = cW˜WW
3g2m2W
2Λ2
,
∆κγ = (cW + cB)
m2W
2Λ2
,
∆κZ = (cW − cB tan2 θW)
m2W
2Λ2
,
κ˜γ = cW˜
m2W
2Λ2
,
κ˜Z = −cW˜ tan2 θW
m2W
2Λ2
. (1.3.13)
It is clear from above that some of the vertex factor couplings are dependent on each others
in the SM gauge symmetry and they are
∆gZ1 = ∆κ
Z + tan2 θW∆κγ,
κ˜Z + tan2 θW κ˜γ = 0 . (1.3.14)
In the neutral sector the relations are [63]
f Z5 = 0,
f γ5
m2Z
=
v2
4cwsw
CB˜W
Λ4
,
f Z4
m2Z
=
v2
(
cw2CWW + 2cwswCBW + 4sw2CBB
)
2cwswΛ4
,
f γ4
m2Z
= −
v2
(
−cwswCWW +CBW
(
cw2− sw2
)
+ 4cwswCBB
)
4cwswΛ4
(1.3.15)
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and
hZ3
m2Z
=
v2
4cwsw
CB˜W
Λ4
,
hZ4 = h
γ
3 = h
γ
4 = h
Z
2 = h
γ
2 = 0,
hZ1
m2Z
=
v2
(
−cwswCWW +CBW
(
cw2− sw2
)
+ 4cwswCBB
)
4cwswΛ4
,
hγ1
m2Z
= −
v2
(
sw2CWW −2cwswCBW + 4cw2CBB
)
4cwswΛ4
(1.3.16)
with the relation
f γ5 = h
Z
3 and h
Z
1 = − f γ4 . (1.3.17)
Here v is the VEV and cw = cosθW , sw = sinθW .
One can follow both effective operator approach and effective vertex approach to study
the anomalous gauge boson couplings. We follow both the approach for studying the charge
sector couplings; while, we study only the vertex factors in the neutral sector. In this thesis,
we restrict ourselves to only dimension-6 operators or form factors with a partial contribution
up to Λ−4. We take the quadratic contribution of dimension-6 form factors/ operators to
compare our results with current LHC constraints.
1.3.1 BSM contributions to aTGC
In the top down approach of the EFT, one has a high scale model which may provide triple
gauge boson couplings in the low energy through loops. Some simplified fermionic mod-
els [68], the Minimal Supersymmetric SM (MSSM) [69, 70] and Little Higgs model [71]
provide some of the CP-even structure of the neutral aTGC. Some CP-odd couplings in the
neutral sector can be generated in the MSSM [69] (at two loops), in complex two Higgs
doublet model (C2HDM) [68, 72, 73]. Besides these, a non-commutative extension of the
SM (NCSM) [74, 75] can also provide an anomalous coupling structure in the neutral sector
with a possibility of a trilinear γγγ coupling as well [74]. In the charge sector, aTGC may
be obtained in MSSM [76–78], extra dimension [79, 80], Georgi-Machacek model [81], etc.
by integrating out the heavy degrees of freedom.
We discuss some of the explicit models providing some of the aTGC. As a simplest
example, a heavy fermion in a toy model can contribute to some of the triple gauge boson
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Figure 1.3. Triangular diagram with a heavy fermion F contributing to neutral aTGC.
couplings in the neutral sector. For example, the Lagrangian [82]
LVFF¯ = −eQF AµF¯γµF −
e
2swcw
ZµF¯
(
γµgVF −γµγ5gAF
)
F (1.3.18)
with a heavy fermion F can generate f γ, f Z , hγ3 and h
Z
3 couplings in the LagrangianLZVV in
Eq. (1.3.12) through the triangular diagrams shown in Fig. 1.3 with the F running in loops.
The contributions to aTGC are [82]
hZ3 = − f γ5 = −NF
e2QFgVFgAF
96pi2s2wc2w
m2Z
m2F
, (1.3.19)
hγ3 = −NF
e2QFgAF
48pi2swcw
m2Z
m2F
, (1.3.20)
f Z5 = −NF
e2gAF
(
5g2VF + g
2
AF
)
960pi2s3wc3w
m2Z
m2F
. (1.3.21)
Here QF is the electric charge, mF is the mass of F, NF is the number of flavour. Other
couplings are zero in this model. The heavy fermion, if associates with a iso-spin partner to
form a S U(2) doublet, will provide WWZ and WWγ couplings as well.
hi
hj
hk/GZ
Z
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hj
ZZ
Z
Z
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hj
W−Z
W−
W+ hi
hj
G−/h−Z
W−
W+
1
Figure 1.4. Contributions to anomalous ZZZ (upper-row) and WWZ (lower-row) vertex from
2HDM with i , j , k in left-top and i , j for rest.
The two-Higgs-doublet model (2HDM) is another example of a detail and renormalizable
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Figure 1.5. Contributions to anomalous WWV? (V = Z/γ) vertex with off-shell V in a universal
extra dimension.
model containing the SM where the anomalous ZZZ vertex along with WWZ vertex can be
generated [68, 72, 73]. The Feynman diagrams in Fig. 1.4 with the neutral Higgs bosons
(hi, i = 1,2,3) or Goldstone boson (G), after integrated out, will provide ZZZ (CP-even/odd,
upper-row) and WWZ vertex (lower-row). In another example, anomalous WWZ and WWγ
vertices (∆κV in particular) can be generated at loop level in a universal extra dimension
(UED) from the Feynman diagrams given in Fig. 1.5 with the Kaluza–Klein (KK) excited
modes (A(n)/Z(n)/W(n)/H(n)/h(n)/ f (n)i ) running in loops as discussed in Ref. [80].
1.3.2 Probe of the aTGC
It is important to probe the aTGC for the precision measurements in a collider. The aTGC
predominantly appear in various di-boson (ZZ/Zγ/WW/WZ) production processes; a de-
tailed and careful study of these processes may reveal new physics through probing the
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aTGC. The aTGC not only change the total cross section in those processes, they affect
the distribution of various kinematical variables, such as transverse momentum, invariant
mass, etc. They also modify the angular distributions of the daughter particles of the final
state gauge bosons. Some of the asymmetries based on the angular distribution of the decay
products are related to the various polarizations of the gauge bosons. So, by studying the
cross sections, distribution of kinematical variables, polarizations of gauge bosons, angular
asymmetries of the decay products, etc., one could probe the aTGC in a particle collider.
There has been a lot of studies of the aTGC in the neutral sector [82–106] as well as in
the charge sector [64, 102, 107–114, 114, 115, 115–132] in different processes. The direct
measurements of the aTGC have been performed at various colliders for neutral sector in
Refs. [133–148] and for the charge sectors in Refs. [143, 149–170].
1.4 Outline of the thesis
We organise the rest of the thesis as follows: We employ the polarizations of the gauge boson
involved in the anomalous couplings along with the cross sections to study the aTGC. First,
we introduce the polarization observables of a general spin-1 particle in chapter 2. The thesis
then divided into two parts on the basis of neutral aTGC and charged aTGC. First, we study
the neutral aTGC, and then we move on to the charged aTGC. In chapter 3, we study the sen-
sitivities of the polarization observables to the aTGC in the neutral sector and obtain limits
on them in ZZ/Zγ productions in a e+e− collider. In chapter 4, we examine the effect of beam
( e+, e−) polarizations on the sensitivity of observables to aTGC in the same processes of
e+e−→ ZZ/Zγ. In chapter 5, we restrict to ZZ production process at the LHC and investigate
the role of Z polarizations. Next in chapter 6, we study the WWV anomalous couplings in
e+e−→W+W− process by employing the W polarizations along with the beam polarizations.
In chapter 7, we study the WWZ anomalous couplings in W±Z production at the LHC and
investigate the role of Z and reconstructed W polarizations. We conclude in chapter 8 fol-
lowed by the outlooks of the thesis. We keep some important supplementary materials in the
appendices for completeness of the main chapters. In appendix A, we give some of the Feyn-
man rules of the electroweak theory necessary for the chapters. In appendix B, we give the
helicity amplitudes in e+e−→ ZZ/Zγ process for SM+aTGC along with the expressions for
observables. The semi-analytic expressions for the observables in ZZ production are given
in appendix C. The helicity amplitudes for SM+aTGC in e+e−→W+W− process are given
in appendix D. In appendix E, we give the SM values of the asymmetries and corresponding
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polarizations along with the numerical fitting procedures for them in ZW± production pro-
cess. In appendix F, we give some brief descriptions of some HEP packages that we have
used in this thesis.
2 Polarization parameters of spin-1
particles
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The cross section of a process is an important observable to detect new physics through
excess rate compared to the SM or through new resonance. Kinematical distributions and
cuts may increase the signal to background ratio for a new physics. But the cross section
may not be sensitive to some new physics parameters or may not be sufficient when a large
number of new physics parameters have to be measured. In this scenario, one needs as many
observables as possible.
One can construct observables related to the polarizations of a particle and use them along
with total rate and other kinematical observables to study new physics. A spin-s particle
offers a total of (2s + 1)2 − 1 = 4s(s + 1) observables related to polarizations of the particle.
The polarization density matrix of the spin-s particle is a (2s + 1)× (2s + 1) hermitian, unit-
trace matrix that can be parametrized by 4s(s + 1) real parameters. These parameters are
different kinds of polarizations. For example, a spin-1/2 fermion has three polarization
parameters called longitudinal, transverse, and normal polarizations (see for example [171,
172]). Similarly, for a spin-1 particle we have a total of eight such parameters [98,149,172–
176]; three of them are vectorial like in the spin-1/2 case and the other five are tensorial [172,
175] as will be described in Section 2.1 in detail. These polarization parameters can be
calculated analytically from the production process as well as from the angular asymmetries
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1Figure 2.1. Schematic diagram for the production of a particle A and it’s decay to D1 and D2.
The dashed line separates the production part and the decay part.
of the decayed products of the particle.
The polarization observables of spin-1 particles have been used earlier to study new
physics. The polarization asymmetries of Z and W were used to study the anomalous gauge
boson couplings [98, 99, 106, 118, 149, 177, 178], Higgs-gauge boson interaction [176, 179],
FCNC interaction [180], dark matter [181], the top quark mass structure [182, 183], spe-
cial interactions of massive particles [184, 185], and dark matter along with heavy reso-
nance [186]. In the next sections, we discuss the polarizations of a general spin-s particle
with special focus on the spin-1 case.
2.1 Polarization density matrix
To begin with, let us consider the production and decay of an unstable particle A of spin-s
in a general process of B1B2 → AA1A2 . . .An−1 with A→ D1D2, as shown in Fig. 2.1. The
differential rate for such a process is given by [172],
dσ =
∑
λ,λ′
 1IB1B2 ρ′(λ,λ′)(2pi)4δ4
pB1 + pB1 − pA− n−1∑
i
pAi
 d3 pA(2pi)32EA
n−1∏
i
d3 pAi
(2pi)32EAi

×
[
1
ΓA
(2pi)4
2mA
Γ′(λ,λ′)δ4
(
pA− pD1 − pD2
) d3 pD1
(2pi)32ED1
d3 pD2
(2pi)32ED2
]
(2.1.1)
after using the narrow width approximation of the unstable particle A, allowing the factoring
out the production part (1st square-bracket) from the decay (2nd square-bracket). Here, the
2.1 Polarization density matrix 27
flux factor IB1B2 is given by IB1B2 = 4
√(
pB1 · pB2
)2−m2B1m2B2 , ΓA is the total decay width
of A with ΓA  mA, mi are the mass of ith particles. The λ and λ′ are the helicities of the
particle A and they are given by λ,λ′ ∈ {−s,−s+1, . . . , s}. The helicities of the particles Ai are
suppressed, i.e., helicities are summed over the remaining final state particle and averaged
over the initial particles. The phase-space integration can be performed in any reference
frame without any loss of generality. To get the decay distribution of A, we perform the
phase-space integration in the rest frame of A. We integrate the production part in the first
square bracket in Eq. (2.1.1) and expresses it as,
ρ(λ,λ′) = 1
IB1B2
∫
ρ′(λ,λ′)(2pi)4δ4
pB1 + pB1 − pA− n−1∑
i
pAi
 d3 pA(2pi)32EA
n−1∏
i
d3 pAi
(2pi)32EAi
,
(2.1.2)
with ρ′(λ,λ′) = M (λ)M †(λ′), M (λ) being the helicity amplitude with helicity λ. The
ρ(λ,λ′), which is a (2s + 1)× (2s + 1) matrix, is called the production density matrix. The
total integrated production cross section, without any cuts, will be given by the sum of diag-
onal terms, i.e.,
σA = Tr[ρ(λ,λ′)] =
∑
λ
ρ(λ,λ). (2.1.3)
Only the diagonal elements enter into the total rate, while all the elements in certain com-
binations have the information for the polarizations of the particle. Thus the normalized
production density matrix will contain only the information of polarizations of the parti-
cle and can be equated to the spin density matrix (SDM) of spin-s particles. We rewrite
ρ(λ,λ′) = σAPA(λ,λ′), PA(λ,λ′) is the polarization density matrix. In a similar way, we can
integrate the decay part in second square bracket in Eq. (2.1.1) and write it as,
∫
1
ΓA
(2pi)4
2mA
Γ′(λ,λ′)δ4
(
pA− pD1 − pD2
) d3 pD1
(2pi)32ED1
d3 pD2
(2pi)32ED2
=
BD1D2(2s + 1)
4pi
ΓA(λ,λ′)dΩDi , i = 1,2, (2.1.4)
where BD1D2 is the branching fraction for A→ D1D2. The matrix ΓA(λ,λ′) is the decay
density matrix normalized to unit trace; dΩDi = sinθDidθDidφDi is the measure of solid angle
of the daughter D1/D2. Now, combining the production density matrix in Eq. (2.1.2) and the
decay density matrix in Eq. (2.1.4), the decay angular distribution of either of the daughter
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D1/D2 becomes
1
σ
dσ
dΩDi
=
2s + 1
4pi
∑
λ,λ′
PA(λ,λ′)ΓA(λ,λ′), (2.1.5)
where σ = σABD1D2 is the total cross section for the whole process. Below, we discuss the
polarization density matrix in terms of SDM.
An SDM represents a state of an ensemble of particles. To understand a SDM, let us
begin with a pure quantum mechanical spin state of a spin-s particle which can be expressed
as,
|Ψs〉 =
s∑
λ=−s
cλ |s, sz = λ〉 . (2.1.6)
In this spin state, the mean value of an arbitrary operator Aˆ will be given by,
〈Aˆ〉Ψs = 〈Ψs| Aˆ |Ψs〉 =
∑
λ,λ′
c?λ′Aλ,λ′cλ, (2.1.7)
where Aλ,λ′ is the matrix element in the given helicity basis. For a non-pure state (e.g.,
state in scattering processes) with incoherent mixture of some pure state |Ψ (i)〉 each with a
probability p(i) (
∑
i p(i) = 1), the mean value of Aˆ will be given by,
〈Aˆ〉Ψs =
∑
λ,λ′
Aλ,λ′
∑
i
p(i)c(i)?λ′ c
(i)
λ . (2.1.8)
The SDM of the non-pure ensemble is thus
ρs(λ,λ′) =
∑
i
p(i)c(i)?λ′ c
(i)
λ . (2.1.9)
This density matrix has unit trace, i.e.
∑
λ
ρs(λ,λ) = 1; (2.1.10)
it is a hermitian matrix, i.e.
ρ?s (λ,λ
′) = ρs(λ′,λ); (2.1.11)
the diagonal elements are positive semi-definite, i.e.
ρs(λ,λ) ≥ 0. (2.1.12)
A number of (2s + 1)2 − 1 real parameters can completely specify the unit traced hermitian
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density matrix ρs.
The SDM can be expressed with irreducible spin tensors up to rank 2s, i.e., identity
matrix, linear (spin-1/2), bilinear (spin-1), trilinear (spin-3/2) combinations of standard spin
matrices. The SDM can be represented in terms of spherical tensor operators or can be
given in Cartesian form. The properties of the density matrix will then be specified by the
expansion coefficients. In the spherical tensor form, the SDM can be expanded as [173],
ρs =
1
2s + 1
∑
L,M
(2L + 1)(tLM)
?T LM, (2.1.13)
where T ML is the spherical tensor operator with rank L satisfying 0 ≤ L ≤ 2s, −L ≤ M ≤ L; tML
are multi-pole parameters which are generalization of the vector polarizations. We, however,
are interested in the Cartesian form of SDM. In Cartesian system, the SDM of spin-1/2
particles, which is 2×2, can always be expressed as,
ρ1/2 =
1
2
(
I2×2 + ~p · ~σ) , (2.1.14)
where σi are the Pauli spin matrices (Eq. (A.0.1)). The ~p represents the mean polarization
of the ensemble, i.e,
~p = Tr
[
ρ1/2~σ
]
. (2.1.15)
For spin-1 particles, the SDM can be expressed, with 3×3 identity matrix and linear combi-
nation along with a spin-tensor with bilinear combinations of spin-1 matrices, as [172, 173],
ρ1(λ,λ′) =
1
3
I3×3 + 32 ~p.~S +
√
3
2
Ti j
(
S iS j + S jS i
) , (2.1.16)
where S i are the spin basis for spin-1 given by,
S x =
1√
2

0 1 0
1 0 1
0 1 0
 , S y =
i√
2

0 −1 0
1 0 −1
0 1 0
 , S z =

1 0 0
0 0 0
0 0 −1
 . (2.1.17)
Here ~p = {px, py, pz} is a 3-component vector and the Ti j are the elements of a 2nd-rank
symmetric traceless tensor, i.e.,
Ti j = T ji,
∑
i
Tii = 0 (2.1.18)
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leading to five independent elements. The parameters pi and Ti j are all real and independent
of each other. We note that the tensor part here, in Eq. (2.1.16), is absent for spin-1/2 case
since σiσ j +σ jσi = 2δi jI2×2 and
∑
i Tiiσ2i = 0 . Likewise, any higher rank (e.g., rank-3
Ti jkS iS jS k) tensor evaluate to zero due to spin-1 symmetry. The multi-pole parameters in
the spherical tensor operator representation of the SDM can be related to the Cartesian vector
and tensor polarizations. The ~p measures the mean spin vector as,
~p = 〈sˆ〉 (2.1.19)
and Ti j measures the mean rank-2 spin tensor as,
Ti j =
1
2
√
3
2
{〈
sˆi sˆ j + sˆ j sˆi
〉
− 4
3
δi j
}
. (2.1.20)
Thus, three pi are the vector polarizations and five Ti j are the tensor polarizations of a spin-1
particle. The degrees of vector polarization ~p, and tensor polarization T , are
p =
√
~p2; 0 ≤ p ≤ 1 (2.1.21)
and
T =
√∑
i j
(Ti j)2; 0 ≤ T ≤ 1. (2.1.22)
The overall degree of polarization, which is proportional to it’s distance to the unpolarized
state, is given by,
dpol. =
1√
2s
√
(2s + 1)Tr
[
ρ2s
]
−1,
=
√
3
4
p2 + T 2 (≤ 1). (2.1.23)
For an example, if the particle is such that it’s spin is quantized along the z-axis and p+, p0, p−
be the probabilities of finding the particle with spin projections 1, 0, −1, respectively along
the quantization axis, then the measure of polarizations would be
px = py = 0, pz = (p+− p−), Ti j = 0 if i , j, Txx = Tyy = −12Tzz, Tzz =
1√
6
(1−3p0).
(2.1.24)
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The degrees of vector and tensor polarizations are then given by1,
p = |p+− p−|, T = 12 |1−3p0|. (2.1.25)
For spin-3/2 case, the 4× 4 SDM can be expressed in the Cartesian basis extending the
spin-1 SDM by a 3-rank tensor with spin-3/2 matrices as [187],
ρ3/2 =
1
4
[
I4×4 + 4~p.~Σ +
4
3
T (2)i j Σi j +
4
3
T (3)i jkΣi jk
]
(2.1.26)
with
Σi j =
1
2
(
ΣiΣ j +Σ jΣi
)
− 5
4
δi j, (2.1.27)
Σi jk =
1
6
[ (
ΣiΣ jΣk +ΣiΣkΣ j +Σ jΣiΣk +Σ jΣkΣi +ΣkΣiΣ j +ΣkΣ jΣi
)
− 5
12
(
δi jΣk +δ jkΣi +δkiΣ j
) ]
. (2.1.28)
Here, T (2) and T (3) are the rank-2 and rank-3 spin tensors, respectively related to the tensor
polarizations. The spin-3/2 matrices, Σi are given by,
Σx =
1
2

0
√
3 0 0
√
3 0 2 0
0 2 0
√
3
0 0
√
3 0

, Σy =
i
2

0 −√3 0 0
√
3 0 −2 0
0 2 0 −√3
0 0
√
3 0

,
Σz =
1
2

3 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −3

. (2.1.29)
The degree of polarization can be calculated similar to the case of spin-1 case, see Ref. [187]
for details.
We now focus on the case of a spin-1 particle; let us call it V . The production density
matrix of the spin-1 particle (V), when normalized, contains only the information of polariza-
tions of the particle, thus can be equated to it’s SDM given in Eq. (2.1.16). The normalized
1Although p and T are independent, they have their upper limit according to Eq. (2.1.23)
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production density matrix is called the polarization density matrix which takes the form
ρ1(λ,λ′) = PV(λ,λ′) =

1
3 +
pz
2 +
Tzz√
6
px−ipy
2
√
2
+
Txz−iTyz√
3
Txx−Tyy−2iTxy√
6
px+ipy
2
√
2
+
Txz+iTyz√
3
1
3 − 2Tzz√6
px−ipy
2
√
2
− Txz−iTyz√
3
Txx−Tyy+2iTxy√
6
px+ipy
2
√
2
− Txz+iTyz√
3
1
3 − pz2 + Tzz√6

(2.1.30)
after expansion of the Eq. (2.1.16). The dynamic of a reaction decides the values of the
polarizations ~p and Ti j. For a given reaction one has to relate Eq. (2.1.2) to Eq. (2.1.16) to
measure the polarization parameters. For the process shown in Fig. 2.1, one can calculate
the polarization parameters pi and Ti j in the following way. We first calculate the production
density matrix in Eq. (2.1.2) using helicity amplitudes of the production process and compare
it after normalization to the polarization density matrix PV(λ,λ′) in Eq. (2.1.30) as,
PV(λ,λ′) =
1
σV
ρ(λ,λ′),
=
1
σV

ρ(+,+) ρ(+,0) ρ(+,−)
ρ(0,+) ρ(0,0) ρ(0,−)
ρ(−,+) ρ(−,0) ρ(−,−)
 . (2.1.31)
Thus, the polarization parameters can be extracted from the polarization matrix elements as,
px =
[
(ρ(+,0) +ρ(0,+)) + (ρ(0,−) +ρ(−,0))]√
2σV
,
py =
i
[
(ρ(0,+)−ρ(+,0)) + (ρ(−,0)−ρ(0,−))]√
2σV
,
pz =
[
ρ(+,+)−ρ(−,−)]
σV
,
Txy =
i
√
6
[
ρ(−,+)−ρ(+,−)]
4σV
,
Txz =
√
3
[
(ρ(+,0) +ρ(0,+))− (ρ(0,−) +ρ(−,0))]
4σV
,
Tyz =
i
√
3
[
(ρ(0,+)−ρ(+,0))− (ρ(−,0)−ρ(0,−))]
4σV
,
Txx−Tyy =
√
6
[
ρ(−,+) +ρ(+,−)]
2σV
,
Tzz =
√
6
2
[
ρ(+,+) +ρ(−,−)
σV
− 2
3
]
,
=
√
6
2
[
1
3
− ρ(0,0)
σV
]
. (2.1.32)
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Using the traceless property of Ti j, i.e., Txx + Tyy + Tzz = 0, along with the values of Tzz and
Txx − Tyy from above, one can calculate Txx and Tyy separately, although they will not be
independent parameters. Instead of considering Txx and Tyy separately we consider Txx−Tyy
as an independent tensor polarization. These polarization parameters can also be obtained
from the angular information of the decayed products of the particle V , which is discussed
in the next section.
The polarization parameters pi and Ti j depend on the choice of reference frame; they
posses different values in different frame. The above formulation of polarizations is based on
the helcity frame, which is equivalent to the centre-of-mass frame (CM) of colliding beams in
a given process. For an e+-e− collider, the observables are calculated in the CM frame, while
for hadronic collider such as the LHC, the observables are calculated in the laboratory (Lab)
frame as well as in CM frame if possible. In the case of hadronic collider, the CM frame and
Lab frame are not the same due to the involvement of parton distribution functions (PDFs).
The production density matrix (in Eq. (2.1.2)) and hence the polarization density matrix
(in Eq. (2.1.30)) receive an effective total rotation comprising boost and angular rotations
leaving the trace invariant going from CM to Lab frame. Due to the rotation of polarization
density matrix, it’s elements pi and Ti j get transformed as [173, 188, 189],
pLabi =
∑
j
RYi j(ω)p
CM
j ,
T Labi j =
∑
k,l
RYik(ω)R
Y
jl(ω)T
CM
kl , (2.1.33)
where
cosω = cosθCM cosθLab +γCM sinθCM sinθLab,
sinω =
m
E
(sinθCM cosθLab−γCM cosθCM sinθLab) . (2.1.34)
Here, RYi j is the usual rotational matrix w.r.t. y-direction and γCM = 1/
√
1−β2CM with βCM
being boost of the CM frame. The quantities m and E are the mass and energy of the particle
V , respectively.
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z′
y′
x′
~PV
θ
φ
~P ′B1
~P ′B2
~P ′f
~P ′f ′
1Figure 2.2. The reference frame showing the fermions decay angles in the V rest frame. The
direction of V in the Lab frame (~PV ) defines the z′-axis (the prime is due to not being the colliding
beam direction). The directions of decayed fermions are shown with ~P′f and ~P
′
f ′ and they are in
the decay plane shown by the upper transparent layer (light blue colour). The incoming particle
B1 and B2 are in the xz plane shown by intermediated transparent layer (light red colour). The
azimuthal angle φ of f is measured w.r.t the xz plane. The co-ordinate system is right-handed,
which defines the y′-axis.
2.2 Polarization asymmetries
For the spin-1 particle V to be decayed to a pair of fermions f f ′ via the interaction vertex
V f f ′ : γµ
(
L f PL + R f PR
)
, PL/R =
1
2
(1∓γ5) , (2.2.1)
the decay density matrix (normalized to one) is given by [172]2,
ΓV(λ,λ′) =

1+δ+(1−3δ)cos2 θ+2αcosθ
4
sinθ(α+(1−3δ)cosθ)
2
√
2
eiφ (1−3δ) (1−cos2 θ)4 ei2φ
sinθ(α+(1−3δ)cosθ)
2
√
2
e−iφ δ+ (1−3δ) sin2 θ2 sinθ(α−(1−3δ)cosθ)2√2 e
iφ
(1−3δ) (1−cos2 θ)4 e−i2φ sinθ(α−(1−3δ)cosθ)2√2 e
−iφ 1+δ+(1−3δ)cos2 θ−2αcosθ
4

.
(2.2.2)
2Same choice of polarization vectors, as in polarization density matrix in Eq. (2.1.30), are used.
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Here θ, φ are the polar and the azimuthal orientation of the final state fermion f , in the rest
frame of V with it’s would be momentum along z-direction, see Fig. 2.2. The parameters α,
called analysing power, and δ are given by,
α =
2(R2f −L2f )
√
1 + (x21− x22)2−2(x21 + x22)
12L f R f x1x2 + (R2f + L
2
f )[2− (x21− x22)2 + (x21 + x22)]
, (2.2.3)
δ =
4L f R f x1x2 + (R2f + L
2
f )[(x
2
1 + x
2
2)− (x21− x22)2]
12L f R f x1x2 + (R2f + L
2
f )[2− (x21− x22)2 + (x21 + x22)]
, (2.2.4)
with x1 = m f /mV , x2 = m f ′/mV . For massless final state fermions, x1→ 0, x2→ 0; one ob-
tains δ→ 0 and α→ (R2f −L2f )/(R2f + L2f ). Using the expression of P(λ,λ′) from Eq. (2.1.30)
and Γ(λ,λ′) from Eq. (2.2.2), the angular distribution in Eq. (2.1.5) of the fermion f becomes
1
σ
dσ
dΩ
=
3
8pi
(23 − (1−3δ) Tzz√6
)
+α pz cosθ+
√
3
2
(1−3δ) Tzz cos2 θ
+
α px + 2 √23(1−3δ) Txz cosθ
sinθ cosφ
+
α py + 2 √23(1−3δ) Tyz cosθ
sinθ sinφ
+ (1−3δ)
(
Txx−Tyy√
6
)
sin2 θcos(2φ) +
√
2
3
(1−3δ) Txy sin2 θ sin(2φ)
 .
(2.2.5)
The above nice differential angular distribution is the master equation that is used to probe
all the polarization parameters of the particle V from the data in a real experiment or in a
Monte-Carlo event simulator. Using partial integration w.r.t θ and φ of the Eq. (2.2.5) one
can construct several asymmetries which relate all the polarization parameters of V .
The asymmetries to probe the polarization parameters are given below. We can obtain px
from the left-right asymmetry as,
Ax =
1
σ
∫ pi2− pi2 dσdφ dφ−
∫ 3pi
2
pi
2
dσ
dφ
dφ
 ,
=
3αpx
4
≡ σ(cosφ > 0)−σ(cosφ < 0)
σ(cosφ > 0) +σ(cosφ < 0)
. (2.2.6)
The polarization parameters py and pz are obtained from up-down and forward-backward
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asymmetry, respectively as
Ay =
1
σ
[∫ pi
0
dσ
dφ
dφ−
∫ 2pi
pi
dσ
dφ
dφ
]
,
=
3αpy
4
≡ σ(sinφ > 0)−σ(sinφ < 0)
σ(sinφ > 0) +σ(sinφ < 0)
, (2.2.7)
Az =
1
σ
∫ pi2
0
dσ
dθ
dθ−
∫ pi
pi
2
dσ
dθ
dθ
 ,
=
3αpz
4
≡ σ(cosθ > 0)−σ(cosθ < 0)
σ(cosθ > 0) +σ(cosθ < 0)
. (2.2.8)
All other polarization parameters are obtained from the following up-down-left-right mixed
asymmetries:
Axy =
1
σ
∫ pi2
0
dσ
dφ
dφ+
∫ 3pi
2
pi
dσ
dφ
dφ
− ∫ pi
pi
2
dσ
dφ
dφ+
∫ 2pi
3pi
2
dσ
dφ
dφ
 ,
=
2
pi
√
2
3
(1−3δ)Txy ≡ σ(sin2φ > 0)−σ(sin2φ < 0)
σ(sin2φ > 0) +σ(sin2φ < 0)
, (2.2.9)
Axz =
1
σ
∫ pi2
θ=0
∫ pi
2
φ=− pi2
dσ
dΩ
dΩ+
∫ pi
θ= pi2
∫ 3pi
2
φ= pi2
dσ
dΩ
dΩ

−
∫ pi2
θ=0
∫ 3pi
2
φ= pi2
dσ
dΩ
dΩ+
∫ pi
θ= pi2
∫ pi
2
φ=− pi2
dσ
dΩ
dΩ

=
2
pi
√
2
3
(1−3δ)Txz ≡ σ(cosθcosφ > 0)−σ(cosθcosφ < 0)
σ(cosθcosφ > 0) +σ(cosθcosφ < 0)
, (2.2.10)
Ayz =
1
σ
∫ pi2
θ=0
∫ pi
φ=0
dσ
dΩ
dΩ+
∫ pi
θ= pi2
∫ 2pi
φ=pi
dσ
dΩ
dΩ

−
∫ pi2
θ=0
∫ 2pi
φ=pi
dσ
dΩ
dΩ+
∫ pi
θ= pi2
∫ pi
φ=0
dσ
dΩ
dΩ

=
2
pi
√
2
3
(1−3δ)Tyz ≡ σ(cosθ sinφ > 0)−σ(cosθ sinφ < 0)
σ(cosθ sinφ > 0) +σ(cosθ sinφ < 0)
, (2.2.11)
Ax2−y2 =
1
σ
∫ pi4− pi4 dσdφ dφ+
∫ 5pi
4
3pi
4
dσ
dφ
dφ
− ∫ 3pi4
pi
4
dσ
dφ
dφ+
∫ 7pi
4
5pi
4
dσ
dφ
dφ

=
1
pi
√
2
3
(1−3δ)
(
Txx−Tyy
)
≡ σ(cos2φ > 0)−σ(cos2φ < 0)
σ(cos2φ > 0) +σ(cos2φ < 0)
, (2.2.12)
Azz =
1
σ
∫ pi3
0
dσ
dθ
dθ+
∫ pi
2pi
3
dσ
dθ
dθ
−∫ 2pi3
pi
3
dσ
dθ
dθ
 ,
=
3
8
√
3
2
(1−3δ)Tzz ≡ σ(sin3θ > 0)−σ(sin3θ < 0)
σ(sin3θ > 0) +σ(sin3θ < 0)
. (2.2.13)
While extracting the polarization asymmetries in a collider/event generator, we have to
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z(~PB1)
y
x
o
~PV
~Pf
~Pf ′
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φ
90◦
1Figure 2.3. The momentum configuration of the particles are shown in the Lab frame. The decay
plane spanned by ~P f and ~P f ′ makes an angle φ with the xz plane.
make sure that the analysis is done in the rest frame of V . The initial beam defines the z-
axis in the Lab, while the production plane of V defines the xz plane, i.e. φ = 0 plane, see
Fig. 2.3. While boosting to the rest frame of V , we keep the xz plane invariant. The polar and
the azimuthal angles of the decay products of V are measured with respect to the would-be
momentum of the particle V .
Thus, the polarization parameters of a spin-1 particle can be obtained at two levels: At
the production level and the level of decay products. As a demonstration of the two methods
of obtaining polarization parameters, we look at three processes: e+e−→ ZZ, e+e−→ Zγ
and e+e−→W+W− in the SM. The polarization parameters are constructed both at the pro-
duction level using Eq. (2.1.32) and at the decay level using Eqs. (2.2.6)-(2.2.13). The asym-
metries Ax2−y2 , Azz are calculated analytically from the production part and shown as a func-
tion of beam energy in Fig. 2.4 with lines. For the same processes with ZV → f f¯ qq¯ and
W+W− → l−ν¯lquq¯d, we generate events using MadGraph5_aMC@NLO [190] with different
values of beam energies. The polarization asymmetries were constructed from these events
and are shown in Fig. 2.4 with points. The statistical error bars shown correspond to 104
events. We observe agreement between the asymmetries calculated at the production level
(analytically) and the decay level (using event generator). Any possible new physics in the
production process of Z and W boson is expected to change the cross section, kinematical
distributions and the values of the polarization parameters/asymmetries. We intend to use
these asymmetries to probe the standard and BSM physics.
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Figure 2.4. The SM values (analytic) of asymmetries Ax2−y2 (solid/green line) and Azz
(dashed/blue line) as a function of beam energy in the e+e− collider for ZZ (top-left-panel), Zγ
(top-right-panel) and W+W− (bottom-panel) processes. The data points with error bar correspond
to 104 events generated by MadGraph5_aMC@NLO.
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2.3 Spin-spin correlations
The spin of two particles produced in a reaction could be correlated even if they do not get
produced polarized individually. In the SM the two top quarks are not produced polarized in
top quark pair production at the LHC; but their spins are correlated [191,192]. In a two going
to two body reaction, if two particles with spin s and s′ are produced, there will be 4s(s + 1)
and 4s′(s′+ 1) individual polarizations and 4s(s + 1)×4s′(s′+ 1) spin-spin correlator giving
a total of (2s + 1)2(2s′+ 1)2−1 number of spin observables. For example, in a vector boson
pair (VV,V = W/Z) production there are a total of 8 + 8 + 8× 8 = 80 spin observables. The
spin-spin correlator can be obtained by constructing asymmetries from the double angular
distribution of the two particles’ decay products. These spin-spin correlators can be sensitive
to new physics signals and can be used to probe them at collider [124, 193, 194].
As an example of spin-spin correlation, one may consider top quark pair production
and their leptonic decays. For spin-1/2 case, the polarization density matrix (expanding
Eq. (2.1.14)) and decay density matrix are given by [172],
ρ1/2 =
1
2
 1 + pz px− ipypx + ipy 1− pz
 , (2.3.1)
Γ1/2(λ,λ′) =

1+αcosθ
2
αsinθ
2 e
iφ
αsinθ
2 e
−iφ 1−αcosθ
2
 . (2.3.2)
Thus, according to Eq. 2.1.5, the top-decayed leptons will have angular distribution as,
1
σ
dσ
dΩ
=
1
4pi
[
1 +αpx sinθcosφ+αpy sinθ sinφ+αpz cosθ
]
(2.3.3)
in the rest frame of their respective mother top quark. The double cosθ distribution of the
two leptons will be given by,
1
σ
d2σ
dΩ1dΩ2
= CN
[
1 +αt pz(t)cosθ1 +αt¯ pz(t¯)cosθ2 +αtαt¯Ctt¯ cosθ1 cosθ2 + . . .
]
(2.3.4)
with CN as an overall normalization constant and Ctt¯ being one of the spin-spin correlator of
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Table 2.1. Total number of polarization parameters and correlator in spin-s and spin-s′ produc-
tion system.
s,s′ example total spin observables = (2s + 1)2(2s′+ 1)2−1
1
2 ,
1
2 t, t¯ 3 + 3 + 3×3 = 15
1
2 ,1 t,W 3 + 8 + 3×8 = 35
1,1 Z,Z 8 + 8 + 8×8 = 80
t and t¯. The spin-spin correlator Ctt¯ can be obtained from an asymmetry constructed as,
Az1z2 =
1
σ
∫ pi2
θ1=0
dθ1
∫ pi
2
θ2=0
dσ
dθ1dθ2
dθ2 +
∫ pi
θ1=
pi
2
dθ1
∫ pi
θ2=
pi
2
dσ
dθ1dθ2
dθ2

−
∫ pi2
θ1=0
dθ1
∫ pi
θ2=
pi
2
dσ
dθ1dθ2
dθ2 +
∫ pi
θ1=
pi
2
dθ1
∫ pi
2
θ2=0
dσ
dθ1dθ2
dθ2
 ,
= (CNαtαt¯)Ctt¯ ≡ σ (cosθ1 cosθ2 > 0)−σ (cosθ1 cosθ2 < 0)
σ (cosθ1 cosθ2 > 0) +σ (cosθ1 cosθ2 < 0)
. (2.3.5)
All other spin-spin correlator can be obtained in a similar way. The total number of spin
observables for a general spin s and s′ system of particle( both of them being either 1 or 1/2)
are listed in Table 2.1.
2.4 Summary
A spin-1 particle offers eight polarization parameters providing eight more observables in
addition to the total production cross section to probe new physics. The polarization observ-
ables can discriminate among various new physics models. In a given new physics model,
these polarization parameters can discriminate between different couplings, such as vector-
like, tensor-like, CP-even, CP-odd, etc. The polarization asymmetries Ay, Axy and Ayz probe
CP-odd couplings, while others probe CP-even couplings in a reaction, which will be dis-
cussed in detail in the next chapters in the context of anomalous triple gauge boson couplings.
We use these polarization asymmetries of Z and W along with the cross sections of their pro-
duction to study anomalous triple gauge boson couplings in the neutral sector as well as in
the charge sector in the next chapters.
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The contents in this chapter are based on the published article in Ref. [98].
The possible trilinear gauge boson interactions in electroweak theory are WWZ, WWγ,
ZZγ, ZZZ, γγZ, and γγγ, out of which the SM, after EWSB, provides only WWZ and WWγ
self-couplings. Other interactions among neutral gauge bosons are not possible at the tree
level in the SM, and hence they are anomalous. Thus any deviation from the SM prediction,
either in strength or the tensorial structure, would be a signal of BSM physics. In this chapter,
we focus on the precise measurement of the neutral triple gauge boson couplings, in a model
independent way, at the proposed International Linear Collider (ILC) [195–197]. Different
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parametrization for the neutral aTGC exists in the literature for effective form factors [64,
107, 198] as well as effective operators [63, 199, 200]. We follow the effective form factor
approach for the neutral aTGC discussed in Ref. [64]. The neutral aTGC have been widely
studied in the literature [82–106] for various colliders: in e+e− collider [83, 85, 93–95, 97–
101, 104, 105], eγ collider [86, 91, 92], γγ collider [96], hadron collider [84, 88, 90, 102,
103, 106] and both e+e− and hadron collider [82, 87, 89]. For these effective anomalous
vertices one can write an effective Lagrangian and they have been given in [82, 85, 86, 104]
up to differences in conventions and parametrizations. The Lagrangian corresponding to the
anomalous form factors in the neutral sector in [64] is given by [82],
LZVV =
ge
m2Z
[
−
[
f γ4 (∂µF
µβ) + f Z4 (∂µZ
µβ)
]
Zα(∂αZβ) +
[
f γ5 (∂
σFσµ) + f Z5 (∂
σZσµ)
]
Z˜µβZβ
−
[
hγ1(∂
σFσµ) + hZ1 (∂
σZσµ)
]
ZβFµβ−
[
hγ3(∂σF
σρ) + hZ3 (∂σZ
σρ)
]
ZαF˜ρα
−
 h
γ
2
m2Z
[
∂α∂β∂
ρFρµ
]
+
hZ2
m2Z
[
∂α∂β(+ m2Z)Zµ
]ZαFµβ
+
 h
γ
4
2m2Z
[
∂σFρα
]
+
hZ4
2m2Z
[
(+ m2Z)∂
σZρα
]ZσF˜ρα
]
,
(3.0.1)
where Z˜µν = 1/2µνρσZρσ (0123 = +1) with Zµν = ∂µZν − ∂νZµ and similarly for the photon
tensor Fµν. The ge = e =
√
4piαEM is the electro magnetic coupling constant. The couplings
f V4 , h
V
1 , h
V
2 correspond to the CP-odd tensorial structures, while f
V
5 , h
V
3 , h
V
4 correspond to
the CP-even ones. Further, the terms corresponding to hV2 and h
V
4 are of mass dimension-8,
while the others are dimension-6 in the Lagrangian. In [95] the authors have pointed out one
more possible dimension-8 CP-even term for ZγZ vertex, given by,
LaTGC ⊃
gehZ5
2m4Z
(∂τFαλ)Z˜αβ∂τ∂λZβ.
In our present work, however, we shall restrict ourselves to the dimension-6 subset of the
Lagrangian given in Eq. (3.0.1). Besides the form factors, one can study the neutral aTGC
with the dimension-8 operators given in Eq. (1.3.10) as independent and translate the results
to the dimension-6 form factors using relations in Eqs. (1.3.15) & (1.3.16).
In the theoretical side, the tensorial structure for some of these anomalous couplings can
be generated at higher order loop within the framework of a renormalizable theory. For
example, a fermionic triangular diagram can generate CP-even couplings in the SM, some
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Table 3.1. List of tightest limits on anomalous couplings of Eq. (3.0.1) available in literature.
Limits on couplings Experiment
−1.2×10−3 < f γ4 < +1.3×10−3 pp→ ZZ→ 4l
−1.2×10−3 < f Z4 < +1.0×10−3 13 TeV
−1.2×10−3 < f γ5 < +1.3×10−3 35.9 fb−1
−1.2×10−3 < f Z5 < 1.3×10−3 CMS [146]
−3.7×10−4 < hγ3 < +3.7×10−4 pp→ Zγ→ νν¯γ
−3.2×10−4 < hZ3 < +3.3×10−4 13 TeV
−4.4×10−7 < hγ4 < +4.3×10−7 36.1 fb−1
−4.5×10−7 < hZ4 < +4.4×10−7 ATLAS [148]
simplified fermionic model [68], the Minimal supersymmetric SM (MSSM) [69,70] and Lit-
tle Higgs model [71]. On the other hand, CP-odd couplings can be generated at 2 loop in
the MSSM [69]. A CP-violating ZZZ vertex has been studied in 2HDM in Ref. [68, 72, 73].
Besides this, a non-commutative extension of the SM (NCSM) [74, 75] can also provide
an anomalous coupling structure in the neutral sector with a possibility of a trilinear γγγ
coupling as well [74]. We note that the dimension-8 operators which contribute to the trilin-
ear couplings also contribute to quartic gauge boson couplings WWVV , ZZZγ, ZZγγ which
appear in triple gauge boson production [201, 202] and vector boson scattering [203], for
example. A complete study of these operators will require one to include all these processes
involving triple gauge boson couplings as well as quartic gauge boson couplings. In the ef-
fective form factor approach as we study in this paper, however, the triple and the quartic
gauge boson couplings are independent of each other and can be studied separately.
On the experimental side, the anomalous Lagrangian in Eq. (3.0.1) has been explored
at the Large Electron-Positron collider (LEP) [133–137], the Tevatron [138–140], and the
LHC [141–148]. The tightest bounds on f Vi (i = 4,5) [146] and on h
V
j ( j = 3,4) [148] comes
from the CMS and ATLAS collaboration, respectively (see Table 3.1). For the ZZ process
the total rate has been used [141], while for the Zγ process both the cross section and the pT
distribution of γ has been used [142–145] for obtaining the limits. All these analyses vary
one parameter at a time to find the 95 % confidence limits on the form factors. For the Zγ
process the limits on the CP-odd form factors, hV1 , h
V
2 , are comparable to the limits on the
CP-even form factors, hV3 , h
V
4 , respectively.
To put simultaneous limits on all the form factors, one would need as many observables
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as possible, like differential rates, kinematic asymmetries, etc. Interestingly the Z being a
spin-1 particle it offers eight polarization observables beyond the total cross section which
are discussed in chapter 2 in details. In this chapter, we investigate all anomalous couplings
(up to dimension-6 operators) of Eq. (3.0.1) in the processes e+e−→ ZZ/Zγ with the help of
the total cross section and the eight polarization asymmetries of the final state Z boson.
3.1 Anomalous Lagrangian and their probe
The effective Lagrangian for the anomalous trilinear gauge boson interactions in the neutral
sector is given in Eq. (3.0.1), which includes both dimension-6 and dimension-8 operators as
found in the literature. For the present work we restrict our analysis to dimension-6 operators
only. Thus, the anomalous Lagrangian of our interest is
L dim−6ZVV =
ge
m2Z
[
−
[
f γ4 (∂µF
µβ) + f Z4 (∂µZ
µβ)
]
Zα(∂αZβ) +
[
f γ5 (∂
σFσµ) + f Z5 (∂
σZσµ)
]
Z˜µβZβ
−
[
hγ1(∂
σFσµ) + hZ1 (∂
σZσµ)
]
ZβFµβ−
[
hγ3(∂σF
σρ) + hZ3 (∂σZ
σρ)
]
ZαF˜ρα
]
. (3.1.1)
This yields anomalous vertices ZZZ through f Z4,5 couplings, γZZ through f
γ
4,5 and h
Z
1,3 cou-
plings and γγZ through hγ1,3 couplings. There is no γγγ vertex in the above Lagrangian. We
V µ
V ν
Zσ
q
k1
k2
= ΓµνσV V Z(q, k1, k2)
1Figure 3.1. Feynman diagram for a general anomalous triple gauge boson vertex with V = Z/γ.
use FeynRules [204] to obtain the vertex tensors and they are given by,
Γ
µνσ
γZZ(q,k1,k2) =
ge
m2Z
[
f γ4
( (
kν2g
µσ+ kσ1 g
µν
)
q2−qµ
(
kσ1 q
ν+ kν2q
σ
) )
+ f γ5
(
qµqβνσαβ+ q2µνσα
)
(k1− k2)α
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+hZ1
(
kµ2q
νkσ2 + k
µ
1k
ν
1q
σ+
(
k21 − k22
) (
qνgµσ−qσgµν)
− kσ2 gµνq.k2− kν1gµσq.k1
)
−hZ3
(
kν1k1β
µσαβ+ k2βk
σ
2 
µναβ+
(
k22 − k21
)
µνσα
)
qα
]
, (3.1.2)
Γ
µνσ
ZZZ(q,k1,k2) =
ge
m2Z
[
f Z4
(
−qµqνkσ1 − kµ2qνkσ2 − kµ2kν1kσ1 − kµ1kν2kσ2
−
(
qµkν2 + k
µ
1k
ν
1
)
qσ+ gµν
(
q2kσ1 + k
2
1q
σ
)
+ gµσ
(
q2kν2 + k
2
2q
ν
)
+ gνσ
(
k22k
µ
1 + k
2
1k
µ
2
) )
− f Z5
(
µναβ(k1−q)αk2βkσ2 + µνσα
((
k21 − k22
)
qα
+
(
k22 −q2
)
k1α+
(
q2− k21
)
k2α
)
+ k1βk
ν
1(k2−q)αµσαβ+ qβqµ(k2− k1)ανσαβ
)]
, (3.1.3)
Γ
µνσ
γγZ (q,k1,k2) =
ge
m2Z
[
hγ1
(
qµqνkσ1 + q
σkµ1k
ν
1−gµν
(
q2kσ1 + k
2
1q
σ
)
+ gµσ
(
k21q
ν−q.k1kν1
)
+ gνσ
(
q2kµ1 −q.k1qµ
) )
−hγ3
(
k1βk
ν
1qα
µσαβ+ qµk1αqβ
νσαβ
+
(
q2k1α− k21qα
)
µνσα
)]
. (3.1.4)
The notations for momentum and Lorentz indices are shown in Fig. 3.1. We are interested
in possible trilinear gauge boson vertices appearing in the processes e+e−→ ZZ and e+e−→
Zγ with final state gauge bosons being on-shell. For the process e+e− → ZZ, the vertices
γ?ZZ and Z?ZZ appear with on-shell conditions k21 = k
2
2 = m
2
Z . The terms proportional to
kν1 and k
σ
2 in Eqs. (3.1.2) and (3.1.3) vanish due to the transversity of the polarization states.
Thus, in the on-shell case, the vertices for e+e−→ ZZ reduce to
Γ
µνσ
V?ZZ(q,k1,k2) = −
ge
m2Z
(
q2−M2V
) [
f V4
(
qσgµν+ qνgµσ
)− f V5 µνσα(k1− k2)α]. (3.1.5)
For the process e+e−→ Zγ the vertices γZ?Z and γ?γZ appear with corresponding on-shell
and polarization transversity conditions. Putting these conditions in Eqs. (3.1.2) and (3.1.4)
and some relabelling of momenta etc. in Eq. (3.1.2) the relevant vertices Z?γZ and γ?γZ
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ρ µ
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(d)
1
Figure 3.2. Feynman diagrams for the production of ZZ or Zγ at e+e− collider.
can be represented together by,
Γ
µνσ
V?γZ(q,k1,k2) =
ge
m2Z
(
q2−M2V
) [
hV1
(
kµ1g
νσ− kσ1 gµν
)
−hV3 µνσαk1α
]
. (3.1.6)
The off-shell V? is the propagator in our processes and couples to the massless electron
current, as shown in Fig. 3.2(c), (d). After above-mentioned reduction of the vertices, there
were some terms proportional to qµ that yield zero upon contraction with the electron current,
hence they are dropped from the above expressions. We note that although hZ and f γ appear
together in the off-shell vertex of γZZ in Eq. (3.1.2), they decouple after choosing separate
processes; the f V appear only in e+e−→ ZZ, while the hV appear only in e+e−→ Zγ. This
decoupling simplifies our analysis as we can study two processes independent of each other
when we perform a global fit to the parameters in Section 3.2.
3.1.1 Helicity formalism and polarizations of Z
We use tree level SM interactions along-with anomalous couplings shown in Eq. (3.1.1) for
our analysis. The Feynman diagrams for these processes are given in the Fig. 3.2 where the
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anomalous vertices are shown with shaded blobs. We compute the processes
e−(p1,λ1) + e+(p2,λ2)→ Vν(k1,λ3) + Zσ(k2,λ4), (3.1.7)
in SM as well as in aTGC as is given in Fig. 3.2. The helicity amplitude for this process in
tree level in the SM is given by,
M ZVS M(λ1,λ2,λ3,λ4) = v¯(p2,λ2)
[ (−igZ
2
γσ(CLPL +CRPR)
) /l1
t
(
Γνe+e−V
)
+
(
Γνe+e−V
)/l2
u
(−igZ
2
γσ(CLPL +CRPR)
)]
u(p1,λ1)?σ(k2,λ4)
?
ν (k1,λ3),
(3.1.8)
while the aTGC amplitudes with Z and γ mediator are given by,
M ZVZ(TGC)(λ1,λ2,λ3,λ4) = v¯(p2,λ2)
(−igZ
2
γρ(CLPL +CRPR)
)
u(p1,λ1)
−gρµ+
qρqµ
m2Z
q2−m2Z
×(
Γ
µσν
Z?ZV(q,k2,k1)
)
?σ(k2,λ4)
?
ν (k1,λ3) and
M ZVγ(TGC)(λ1,λ2,λ3,λ4) = v¯(p2,λ2)
(
igeγρ
)
u(p1,λ1)
(−gρµ
q2
)
×(
Γ
µσν
γ?ZV(q,k2,k1)
)
?σ(k2,λ4)
?
ν (k1,λ3). (3.1.9)
The momentum pi, ki (i = 1,2) and the helicities λi in Eqs. (3.1.8) and (3.1.9) are shown in
the Feynman diagrams in Fig. 3.2. Various symbols used in the above equations are given
by,
PL =
1−γ5
2
, PR
1 +γ5
2
, l1 = p1− k1, l2 = p1− k2,
t = (p1− k1)2, u = (p1− k2)2 with /a = γµaµ. (3.1.10)
The vertex for e+e−V is
Γνe+e−γ = igeγ
ν, Γνe+e−Z =
−igZ
2
γν(CLPL +CRPR) (3.1.11)
and the anomalous vertex Γµσν
γ?ZV(q,k2,k1), Γ
µσν
Z?ZV(q,k2,k1) are taken from the on-shell vertex
in Eqs. (3.1.5) and (3.1.6). The transverse and longitudinal polarization vector for Z are
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chosen to be
µ(k,±) = 1√
2
{0,∓cosθ,−i,±cosθ} ,
µ(k,0) =
1
mZ
{
|~k|,k0 sinθ,0,k0 cosθ
}
(3.1.12)
with θ being the polar angle of Z made with the e− direction which is taken along the pos-
itive z-direction. For the photon, the transverse polarizations are same as for the Z with no
longitudinal polarization. The kinematics for both processes are given in appendix B.1.
The total helicity amplitude including SM and aTGC will be
M ZVtot (λe− ,λe+ ,λγ,λZ) =M
ZV
S M(λe− ,λe+ ,λγ,λZ) +M
ZV
Z(TGC)(λe− ,λe+ ,λγ,λZ)
+M ZVγ(TGC)(λe− ,λe+ ,λγ,λZ), (3.1.13)
denoting
λ1 = λe− , λ2 = λe+ , λ3 = λγ, λ4 = λZ . (3.1.14)
The helicity amplitudes for the anomalous part together with SM contributions for both ZZ
and Zγ processes are given in appendix B.1.
To calculate the polarization observables we calculate the production density matrix in
Eq. (2.1.2) as,
ρ(λZ ,λ′Z) =
1
S
β
64pi2 sˆ
∫
dΩ
dΩ
1
2×2
∑
λe− ,λe+ ,λγ
(
M ZVtot (λe− ,λe+ ,λγ,λ
′
Z)
)†
M ZVtot (λe− ,λe+ ,λγ,λZ).
(3.1.15)
The 1/S factor is the final state symmetry factor which is 1/2 for ZZ process and 1 for Zγ
process. The helicities of e, γ and Z can take values λe,λγ ∈ {−1,1} and λZ ∈ {−1,0,1}. The
density matrix given above is used to calculate all the polarization observables and the total
cross section in both processes using the technique discussed in chapter 2 which are given
in appendixB.2.
3.1.2 Parametric dependence of observables
The dependences of the observables on the anomalous couplings for the ZZ and Zγ processes
are given in Tables 3.2 and 3.3, respectively. In the SM, the helicity amplitudes are real,
thus the production density matrix elements in Eq. (2.1.2) are all real. This implies Ay, Axy
and Ayz are all zero in the SM: see Eq. (2.1.32). The asymmetries Az and Axz are also zero for
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Table 3.2. Dependence of the polarization observables on the anomalous coupling in ZZ final
state.
Observables Linear terms Quadratic terms
σ f Z5 , f
γ
5 ( f
γ
4 )
2, ( f γ5 )
2, ( f Z4 )
2, ( f Z5 )
2, f γ4 f
Z
4 , f
γ
5 f
Z
5
σ×Ax f γ5 , f Z5 −
σ×Ay f γ4 , f Z4 −
σ×Axy f Z4 , f γ4 f Z4 f γ5 , f γ4 f Z5 , f γ4 f γ5 , f Z4 f Z5
σ×Ax2−y2 f Z5 , f γ5 ( f γ4 )2, ( f γ5 )2, ( f Z4 )2, ( f Z5 )2, f γ4 f Z4 , f γ5 f Z5
σ×Azz f Z5 , f γ5 ( f γ4 )2, ( f γ5 )2, ( f Z4 )2, ( f Z5 )2, f γ4 f Z4 , f γ5 f Z5
Table 3.3. Dependence of the polarization observables on the anomalous coupling in Zγ final
state.
Observables Linear terms Quadratic terms
σ hZ3 ,h
γ
3 (h
γ
1)
2, (hγ3)
2, (hZ1 )
2, (hZ3 )
2,hγ1h
Z
1 ,h
γ
3h
Z
3
σ×Ax hZ3 ,hγ3 (hγ1)2, (hγ3)2, (hZ1 )2, (hZ3 )2,hγ1hZ1 ,hγ3hZ3
σ×Ay hγ1,hZ1 −
σ×Axy hγ1,hZ1 −
σ×Ax2−y2 hγ3,hZ3 −
σ×Azz hZ3 ,hγ3 (hγ1)2, (hγ3)2, (hZ1 )2, (hZ3 )2,hγ1hZ1 ,hγ3hZ3
the SM couplings due to the forward-backward symmetry of the Z boson in the c.m. frame,
owing to the presence of both t- and u-channel diagrams and unpolarized initial beams. After
including anomalous couplings, Ay and Axy receive a non-zero contribution, while Az, Axz
and Ayz remain zero for the unpolarized initial beams.
From the list of non-vanishing asymmetries, only Ay and Axy are CP-odd, while the others
are CP-even. All the CP-odd observables are linearly dependent upon the CP-odd couplings,
like f V4 and h
V
1 , while all the CP-even observables have only quadratic dependence on the
CP-odd couplings. In the SM, the Z boson’s couplings respect CP symmetry; thus Ay and Axy
vanish. Hence, any significant deviation of Ay and Axy from zero at the collider will indicate
a clear sign of CP-violating new physics interactions. Observables that have only a linear
dependence on the anomalous couplings yield a single interval limits on these couplings. On
the other hand, any quadratic appearance (like ( f V5 )
2 in σ) may yield more than one interval
of the couplings, while putting limits. For the case of ZZ process, Ax and Ay do not have
any quadratic dependence; hence they yield the cleanest limits on the CP-even and -odd
parameters, respectively. Similarly, for the Zγ process, we have Ay, Axy, and Ax2−y2 , which
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have only a linear dependence and provide clean limits. These clean limits, however, may
not be the strongest limits as we will see in the following sections.
3.1.3 Sensitivity of observables to anomalous couplings
Sensitivity of an observable O dependent on parameter ~f is defined as
S (O( ~f )) =
|O( ~f )−O( ~f = 0)|
δO
, (3.1.16)
where δO =
√
(δOstat.)2 + (δOsys.)2 is the estimated error in O . If the observable is an asym-
metry, A = (N+−N−)/(N+ + N−), the error is given by,
δA =
√
1−A2
Lσ
+ 2A, (3.1.17)
where N+ + N− = NT = Lσ, L being the integrated luminosity of the collider. The error in
the cross section σ will be given by,
δσ =
√
σ
L
+ (σ)2. (3.1.18)
Here A and  are the systematic fractional errors in A and σ, respectively, while remaining
one are statistical errors.
3.1.3.a One-parameter sensitivity
For numerical calculations, we choose ILC running at c.m. energy
√
s = 500 GeV and
integrated luminosityL = 100 fb−1. We use A =  = 0 for most of our analysis. However, we
do discuss the impact of systematic errors on our results. With this choice the sensitivity of
all the polarization asymmetries of Z boson discussed in chapter 2, and the cross section have
been calculated varying one parameter at a time. These sensitivities are shown in Figs. 3.3
and 3.4 for the ZZ and Zγ processes, respectively, for each observable. In the e+e− → Zγ
process we have taken a cut-off on the polar angle, 10◦ ≤ θγ ≤ 170◦ to keep away from the
beam pipe. For these limits, the analytical expressions shown in B.2 are used.
We see that in the ZZ process, the tightest constraint on f γ4 at 1σ level comes from the
asymmetry Ay owing to its linear and strong dependence on the coupling. For f
γ
5 , both Ax
and the cross section σZZ , give comparable limits at 1σ but σZZ gives a tighter limit at higher
values of sensitivity. This is because the quadratic term in σZZ comes with a higher power
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Figure 3.3. Sensitivity of the cross section and asymmetries to anomalous couplings for the
process e+e−→ ZZ with √s = 500 GeV andL = 100 fb−1.
of energy/momenta and hence a larger sensitivity. Similarly, the strongest limit on f Z4 and
f Z5 as well comes from σZZ . Though the cross section gives the tightest constrain on most
of the coupling in ZZ process, our polarization asymmetries also provide comparable limits.
Another noticeable fact is thatσZZ has a linear as well as quadratic dependence on f Z5 and the
sensitivity curve is symmetric about a point larger than zero. Thus, when we do a parameter
estimation exercise, we will always have a bias toward a positive value of f Z5 . The same is
the case with the coupling f γ5 , but the strength of the linear term is small and the sensitivity
plot with σZZ looks almost symmetric about f
γ
5 = 0.
In the Zγ process, the tightest constraint on hγ1 comes from Axy, on h
γ
3 it comes from σZγ,
on it hZ1 comes from Ay, and on h
Z
3 it comes from Ax. The cross section σZγ and Azz has a
linear as well as quadratic dependence on hγ3, and σZγ and they give two intervals at 1σ level.
Other observables can help resolve the degeneracy when we use more than one observables
at a time. Still, the cross section prefers a negative value of hγ3, and it will be seen again in the
multi-variate analysis. The coupling hZ3 also has a quadratic appearance in the cross section,
and it yields a bias toward negative values of hZ3 .
The tightest limits on the anomalous couplings (at 1σ level), obtained using one observ-
able at a time and varying one coupling at a time, are listed in Table 3.4 along with the
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Figure 3.4. Sensitivity of the cross section and asymmetries to anomalous couplings for the
process e+e−→ Zγ with √s = 500 GeV,L = 100 fb−1, and 10◦ ≤ θγ ≤ 170◦.
corresponding observables. A comparison between Tables 3.1 and 3.4 shows that an e+e−
collider running at 500 GeV and 100 fb−1 provides better limits on the anomalous coupling
( f Vi ) in the ZZ process than the 7 TeV LHC at 5 fb
−1. For the Zγ process the experimen-
tal limits are available from 8 TeV LHC with 19.6 fb−1 luminosity (Table 3.1) and they are
comparable to the single observable limits shown in Table 3.4. These limits can be further
improved if we use all the observables in a χ2 kind of analysis.
We can further see that the sensitivity curves for CP-odd observables, Ay and Axy, has no
or a very mild dependence on the CP-even couplings. The mild dependence comes through
the cross section σ, sitting in the denominator of the asymmetries. We see that CP-even ob-
servables provide a tight constraint on CP-even couplings and CP-odd observables provide
a tight constraint on the CP-odd couplings. Thus, not only can we study the two processes
independently, it is possible to study the CP-even and CP-odd couplings almost independent
of each other. To this end, we shall perform a two-parameter sensitivity analysis in the next
subsection.
A note on the systematic error is in order. The sensitivity of an observable is inversely
proportional to the size of its estimated error, Eq. (3.1.16). Including the systematic error
will increase the size of the estimated error and hence decrease the sensitivity. For example,
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Table 3.4. List of tightest limits on anomalous couplings at 1 σ level and the corresponding
observable obtained for
√
s = 500 GeV andL = 100 fb−1.
ZZ process Zγ process
Coupling Limits Comes from Coupling Limits Comes from
| f γ4 | ≤ 2.4×10−3 Ay |hγ1 | ≤ 3.6×10−3 Axy, σ
| f Z4 | ≤ 4.2×10−3 σ |hZ1 | ≤ 2.9×10−3 Ay
f γ5 ∈ [−2.3,2.7]×10−3 Ax, σ hγ3 ∈ [−2.1,1.3]×10−3 σ
or ∈ [−9.9,−6.5]×10−3
f Z5 ∈ [−2.3,8.8]×10−3 σ |hZ3 | ≤ 2.8×10−3 Ax
including A = 1 % toL = 100 fb−1 increases δA by a factor of 1.3 and dilutes the sensitivity
by the same factor. This modifies the best limit on | f γ4 |, coming from Ay, to 2.97× 10−3
(dilution by a factor of 1.3); see Table 3.4. For the cross section, adding  = 2 % systematic
error increases δσ by a factor of 1.5. The best limit on | f Z4 |, coming from the cross section,
changes to 5.35×10−3, dilution by a factor of 1.2. Since the inclusion of the above systematic
errors modifies the limits on the couplings only by 20 % to 30 %, we shall restrict ourselves
to the statistical error for simplicity for rest of the analysis.
3.1.3.b Two-parameter sensitivity
We vary two couplings at a time, for each observable, and plot the S = 1 (or ∆χ2 = 1) con-
tours in the corresponding parameter plane. These contours are shown in Fig. 3.5 and Fig. 3.6
for ZZ and Zγ processes, respectively. Asterisk (?) marks in the middle of these plots denote
the SM value, i.e., the (0,0) point. Each panel corresponds to two couplings that are varied
and all others are kept at zero. The shapes of the contours, for a given observable, are a re-
flection of its dependence on the couplings as shown in Tables 3.2 and 3.3. For example, let
us look at the middle-top panel of Fig. 3.5, i.e. the ( f γ4 − f γ5 ) plane. The contours correspond-
ing to the cross section (solid/red) and Azz (short-dash-dotted/orange) are circular in shape
due to their quadratic dependence on these two couplings with the same sign. The small
linear dependence on f γ5 makes these circles move toward a small positive value, as already
observed in the one-parameter analysis above. The Ay contour (short-dash/blue) depends
only on f γ4 in the numerator and a mild dependence on f
γ
5 enters through the cross section,
sitting in the denominator of the asymmetries. The role of two couplings are exchanged for
the Ax contour (big-dash/black). The Axy contour (dotted/magenta) is hyperbolic in shape,
indicating a dependence on the product f γ4 f
γ
5 , while a small shift toward positive f
γ
5 value
indicates a linear dependence on it. Similarly the symmetry about f γ4 = 0 indicates no linear
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Figure 3.5. 1σ sensitivity contours (∆χ2 = 1) for cross section and asymmetries obtained by
varying two parameters at a time and keeping the others at zero for the ZZ process at
√
s = 500
GeV andL = 100 fb−1.
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Figure 3.6. 1σ sensitivity contours (∆χ2 = 1) for cross section and asymmetries obtained by
varying two parameters at a time and keeping the others at zero for the Zγ process at
√
s = 500
GeV,L = 100 fb−1, and 10◦ ≤ θγ ≤ 170◦.
3.2 Likelihood mapping of parameter space 55
dependence on it for Axy. All these observations can be confirmed by looking at Table 3.2
and the expressions in B.2. Finally, the shape of the Ax2−y2 contour (big-dash-dotted/cyan)
indicates a quadratic dependence on two couplings with opposite sign. Similarly, all other
panels can be read. Note that taking any one of the coupling to zero in these panels gives us
the 1σ limit on the other couplings as found in the one-parameter analysis above.
In the contours for the Zγ process, Fig. 3.6, one new kind of shape appears: the an-
nular ring corresponding to σZγ in middle-top, left-bottom, and right-bottom panels. This
shape corresponds to a largely linear dependence of the cross section on hγ3 along with the
quadratic dependence. By putting the other couplings to zero in above-mentioned panels,
one obtains two disjoint internals for hγ3 at 1σ level as found before in the one-parameter
analysis. The plane containing two CP-odd couplings, i.e. the left-top panel, has two sets
of slanted contours corresponding to Ay (short-dash/blue) and Axy (dotted/magenta), the CP-
odd observables. These observables depend upon both the couplings linearly and hence the
slanted (almost) parallel lines. The rest of the panels can be read in the same way.
Till here, we have used only one observable at a time for finding the limits. A combina-
tion of all the observables would provide a much tighter limit on the couplings than provided
by any one of them alone. Also, the shape, the position, and the orientation of the allowed
region would change if the other two parameters were set to some value other than zero. A
more comprehensive analysis requires varying all the parameters and using all the observ-
ables to find the parameter region of low χ2 or high likelihood. The likelihood mapping of
the parameter space is performed using the MCMC method in the next section.
3.2 Likelihood mapping of parameter space
In this section we perform a mock analysis of parameter estimation of anomalous coupling
using pseudo data generated by MadGraph5. We choose two benchmark points for coupling
parameters as follows:
SM : f V4,5 = 0.000, h
V
1,3 = 0.000 and
aTGC : f V4,5 = 0.005, h
V
1,3 = 0.005 . (3.2.1)
For each of these benchmark points we generate events in MadGraph5 for pseudo data cor-
responding to ILC running at 500 GeV and integrated luminosity of L = 100 fb−1. The
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likelihood of a given point ~f in the parameter space is defined by,
L ( ~f ) =
∏
i
exp
−
(
Oi( ~f )−Oi( ~f0)
)2
2
(
δOi( ~f0)
)2
 , (3.2.2)
where ~f0 defines the benchmark point. The product runs over the list of observables we have:
the cross section and five non-zero asymmetries. We use the MCMC method to map the
likelihood of the parameter space for each of the benchmark point and for both processes.
The one-dimensional marginalized distributions and the two-dimensional contours on the
anomalous couplings are drawn from the Markov chains using the GetDist package [205,
206].
3.2.1 MCMC analysis for e+e−→ ZZ
Here we look at the process e+e−→ ZZ followed by the decays Z→ l+l− and Z→ qq¯, with
l− = e−, µ− in the
MadGraph5 simulations. The total cross section for this whole process would be
σ = σ(e+e−→ ZZ)×2 Br(Z→ l+l−) Br(Z→ qq¯). (3.2.3)
The theoretical values of σ(e+e− → ZZ) and all the asymmetries are obtained using ex-
pressions given in Appendix B and shown in the second column of Tables 3.5 and 3.6 for
benchmark points SM and aTGC, respectively. The MadGraph5 simulated values for these
observables are given in the third column of the two tables mentioned for two benchmark
points. Using these simulated values as pseudo data we perform the likelihood mapping of
the parameter space and obtain the posterior distributions for parameters and the observables.
The last two columns of Tables 3.5 and 3.6 show the 68 % and 95 % Bayesian confidence
interval (BCI) of the observables used. One naively expects 68 % BCI to roughly has the
same size as the 1σ error in the pseudo data. However, we note that the 68 % BCI for all
the asymmetries is much narrower than expected, for both benchmark points. This can be
understood from the fact that the cross section provides the strongest limit on any parame-
ter, as noticed in the earlier section, thus limiting the range of values for the asymmetries.
However, this must allow 68 % BCI of the cross section to match the expectation. This in-
deed happens for the aTGC case (Table 3.6), but for the SM case, even the cross section is
narrowly constrained compared to a naive expectation. The reason for this can be found in
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the dependence of the cross section on the parameters. For most of the parameter space, the
cross section is larger than the SM prediction, and only for a small range of parameter space,
it can be smaller. This was already pointed out while discussing multi-valued sensitivity
Table 3.5. List of observables shown for the process e+e− → ZZ for the benchmark point SM
with
√
s = 500 GeV: theoretical values (column 2), MadGraph5 simulated value for L = 100
fb−1 (column 3), 68 % (column 4) and 95 % (column 5) Bayesian confidence intervals (BCI).
Observables Theoretical (SM) MadGraph (SM, prior) 68 % BCI (posterior) 95 % BCI (posterior)
σ 38.096 fb 38.16±0.62 fb 38.61+0.31−0.53fb 38.610.83−0.74fb
Ax 0.00099 0.0023±0.0161 −0.0021±0.0087 −0.0021+0.016−0.017
Ay 0 −0.0016±0.0161 −0.0005±0.0090 −0.0005+0.017−0.017
Axy 0 0.0004±0.0161 0.0001±0.0036 0.0001+0.0071−0.0071
Ax2−y2 −0.02005 −0.0189±0.0161 −0.0166+0.0032−0.0018 −0.0166+0.0043−0.0052
Azz 0.17262 0.1745±0.0159 0.1691+0.0035−0.0022 0.1691+0.0051−0.0056
Table 3.6. List of observables shown for the process e+e−→ ZZ for the benchmark point aTGC
with
√
s = 500 GeV. The rest of the details are the same as in Table 3.5.
Observables Theoretical (aTGC) MadGraph (aTGC, prior) 68 % BCI (posterior) 95 % BCI (posterior)
σ 43.307 fb 43.33±0.6582 fb 43.40±0.66 fb 43.40±1.3 fb
Ax −0.02954 −0.0308±0.0151 −0.0240+0.0087−0.013 −0.0240+0.021−0.020
Ay 0.03424 0.0308±0.0151 0.0230+0.013−0.0085 0.0230+0.020−0.022
Axy 0.00574 0.0056±0.0152 0.0041+0.0076−0.0063 0.0041+0.015−0.015
Ax2−y2 −0.00941 −0.0119±0.0152 −0.0116+0.0071−0.0032 −0.0116+0.0093−0.012
Azz 0.14057 0.1382±0.0150 0.1401±0.0035 0.1401+0.0069−0.0067
in Fig. 3.3. We found the lowest possible value of the cross section to be 37.77 fb, obtained
for f γ,Z4 ≈ 0, f γ5 ∼ 2× 10−4, and f Z5 ∼ 3.2× 10−3. Thus, for most of the parameter space the
anomalous couplings cannot emulate the negative statistical fluctuations in the cross section
making the likelihood function, effectively, a one-sided Gaussian function. This forces the
mean of posterior distribution to a higher value. We also note that the upper bound of the
68 % BCI for cross section (38.92 fb) is comparable to the expected 1σ upper bound (38.78
fb). Thus we have an overall narrowing of the range of the posterior distribution of the cross
section values. This, in turns, leads to a narrow range of parameters allowed and hence
narrow ranges for the asymmetries in the case of SM benchmark point. For the aTGC bench-
mark point, it is possible to emulate the negative fluctuations in cross section by varying
the parameters, thus the corresponding posterior distributions compare with the expected 1σ
fluctuations. The narrow ranges for the posterior distribution for all the asymmetries are due
58 The probe of aTGC in e+e−→ ZZ/Zγ and the role of Z boson polarizations
3 0 3 6 9
f γ4 (10
−3 )
20
0
20
40
A
y
(1
0−
3
)
12 6 0 6 12
fZ4 (10
−3 )
20
10
0
10
20
A
x
y(
10
−3
)
4 0 4 8
f γ5 (10
−3 )
45
30
15
0
15
A
x
(1
0−
3
)
8 0 8 16
fZ5 (10
−3 )
32
24
16
8
0
A
x
2
−y
2
(1
0−
3
)
Figure 3.7. Two-dimensional marginalized contours showing most correlated observable for
each parameter of the process e+e−→ ZZ. The upper transparent layer (blue) contours correspond
to aTGC, while the lower layer (green) contours correspond to SM. The darker shade shows 68 %
contours, while the lighter shade is for 95 % contours.
to the tighter constraints on the parameters coming from the cross section and correlation
between the observables.
We are using a total of six observables, five asymmetries and one cross section for our
analysis of two benchmark points; however, we have only four free parameters. This invari-
ably leads to some correlations between the observables apart from the expected correlations
between parameters and observables. Figure 3.7 shows the most prominently correlated
observable for each of the parameters. The CP nature of observables is reflected in the pa-
rameter it is strongly correlated with. We see that Ay and Axy are linearly dependent upon
both f γ4 and f
Z
4 ; however, Ay is more sensitive to f
γ
4 as shown in Fig. 3.3 as well. Similarly,
for the other asymmetries and parameters, one can see a correlation which is consistent with
the sensitivity plots in Fig. 3.3. The strong (and negative) correlation between Azz and σ
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Figure 3.8. Two-dimensional marginalized contours showing correlation between Azz and σ in
the ZZ process. The rest of the details are the same as in Fig. 3.7.
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Figure 3.9. One-dimensional marginalized posterior distribution for the parameters of the pro-
cess e+e−→ ZZ. Solid (green) lines are for SM and dashed (blue) lines are for aTGC hypothesis.
The values of the parameters for the benchmark points are shown by vertical lines for reference.
shown in Fig. 3.8 indicates that any one of them is sufficient for the analysis, in principle.
However, in practice, the cross section puts a much stronger limit than Azz, which explains
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Figure 3.10. Two-dimensional marginalized contours showing correlations between parameters
of the process e+e−→ ZZ. The other details are the same as in Fig. 3.7.
Table 3.7. The list of best-fit points, posterior 68 % and 95 % BCI for the parameters for the
process e+e−→ ZZ for both SM and aTGC benchmark points.
SM Benchmark aTGC Benchmark
f Vi 68 % BCI 95 % BCI Best-fit 68 % BCI 95 % BCI Best-fit
f γ4 −0.0001±0.0014 −0.0001+0.0027−0.0027 −0.0002 0.0038+0.0026−0.0016 0.0038+0.0037−0.0042 0.0044
f Z4 0.0000±0.0026 0.0000+0.0049−0.0049 −0.0002 0.0010+0.0065−0.0055 0.0010+0.0098−0.011 0.0050
f γ5 −0.0001±0.0015 −0.0001+0.0030−0.0029 −0.0002 0.0038+0.0029−0.0019 0.0038+0.0042−0.0047 0.0057
f Z5 0.0032±0.0028 0.0032+0.0053−0.0053 0.0000 0.0057+0.0074−0.0051 0.0057+0.010−0.011 0.0037
the much narrower BCI for it as compared to the 1σ expectation.
Finally, we come to the discussion of the parameter estimation. The marginalized one-
dimensional posterior distributions for the parameters of ZZ production process are shown in
Fig. 3.9, while the corresponding BCI along with best-fit points are listed in Table 3.7 for both
benchmark points. The vertical lines near zero correspond to the true value of parameters
for SM and the other vertical lines correspond to aTGC. The best-fit points are very close to
the true values except for f Z5 in the aTGC benchmark point due to the multi-valuedness of
the cross section. The 95 % BCI of the parameters for two benchmark points overlap, and it
appears as if they cannot be resolved. To see the resolution better, we plot two-dimensional
posteriors in Fig. 3.10, with the benchmark points shown with an asterisk. Again we see
that the 95 % contours do overlap as these contours are obtained after marginalizing over
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non-shown parameters in each panel. Any higher-dimensional representation is not possible
on paper, but we have checked three-dimensional scatter plot of points on the Markov chains
and conclude that the shape of the good likelihood region is ellipsoidal for the SM point with
the true value at its centre. The corresponding three-dimensional shape for the aTGC point is
like a part of an ellipsoidal shell. Thus in full four-dimension, there will not be any overlap
(see Section 3.2.3) and we can distinguish the two chosen benchmark points as it is quite
obvious from the corresponding cross sections. However, left to only the cross section we
would have the entire ellipsoidal shell as possible range of parameters for the aTGC case.
The presence of asymmetries in our analysis helps narrow down to a part of the ellipsoid and
hence aids the parameter estimation for the ZZ production process.
3.2.2 MCMC analysis for e+e−→ Zγ
Next we look at the process e+e− → Zγ and Z → l+l− with l− = e−,µ− in the MadGraph5
simulations. The total cross section for this whole process is given by,
σ = σ(e−e+→ Zγ)×Br(Z→ l+l−). (3.2.4)
The theoretical values of the cross section and asymmetries (using expression in B.2) are
given in the second column of Tables 3.8 and 3.9 for SM and aTGC points, respectively. The
tables contain the MadGraph5 simulated data for L = 100 fb−1 along with 68 % and 95 %
BCI for the observables obtained from the MCMC analysis. For the SM point, Table 3.8, we
notice that the 68 % BCI for all the observables are narrower than the 1σ range of the psuedo
data from MadGraph5. This is again related to the correlations between observables and the
fact that the cross section has a lower bound of about 111 fb obtained for hγ3 ∼ −4.2× 10−3
with other parameters close to zero. This lower bound of the cross section leads to narrowing
of 68 % BCI for σ and hence for other asymmetries too, as observed in the ZZ production
process. The 68 % BCI for Ax2−y2 and Azz are particularly narrow. For Azz, this is related to
the strong correlation between (σ−Azz), while for Ax2−y2 the slower dependence on hγ3 along
with strong dependence of σ on hγ3 is the cause of a narrow 68 % BCI.
For the aTGC point, there is enough room for the negative fluctuation in the cross section,
and hence no narrowing of the 68 % BCI is observed for it; see Table 3.9. The 68 % BCIs for
Ax and Ay are comparable to the corresponding 1σ intervals, while the 68 % BCIs for other
three asymmetries are certainly narrower than 1σ intervals. This narrowing, as discussed
earlier, is due to the parametric dependence of the observables and their correlations. Each
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Table 3.8. List of observables shown for the process e+e−→ Zγ for the SM point with √s = 500
GeV andL = 100 fb−1. The rest of the details are the same as in Table 3.5.
Observables Theoretical (SM) MadGraph (SM, prior) 68 % BCI (posterior) 95 % BCI (posterior)
σ 112.40 fb 112.6±1.06 fb 112.64+0.64−0.91 fb 112.6+1.5−1.4 pb
Ax 0.00480 0.0043±0.0094 0.0041±0.0088 0.0041+0.017−0.018
Ay 0 −0.0011±0.0094 −0.0009±0.0088 −0.0009±0.017
Axy 0 0.0003±0.0094 0.0001±0.0065 0.0001±0.012
Ax2−y2 0.00527 0.0056±0.0094 −0.0001+0.0064−0.0034 −0.0001+0.0079−0.0096
Azz 0.17819 0.1781±0.0092 0.1771+0.0043−0.0031 0.1771+0.0066−0.0070
Table 3.9. List of observables shown for the process e+e−→ Zγ for the aTGC point with √s = 500
GeV andL = 100 fb−1. The rest of the details are the same as in Table 3.5.
Observables Theoretical (aTGC) MadGraph (aTGC, prior) 68 % BCI (posterior) 95 % BCI (posterior)
σ 122.0 fb 122.4±1.11 fb 122.3±1.0 fb 122.3±2.0 fb
Ax 0.02404 0.0252±0.0090 0.0263±0.0093 0.0263±0.018
Ay −0.01775 −0.0165±0.0090 −0.0172±0.0092 −0.0172±0.018
Axy −0.01350 −0.0104±0.0090 −0.0109+0.0069−0.011 −0.0109+0.017−0.015
Ax2−y2 0.01440 0.0133±0.0090 0.0121+0.0055−0.0010 0.0121+0.0068−0.012
Azz 0.13612 0.1361±0.0089 0.1351±0.0041 0.1351+0.0080−0.0079
Table 3.10. The list of best-fit points, posterior 68 % and 95 % BCI for the parameters for the
process e+e−→ Zγ for both benchmark points.
SM Benchmark aTGC Benchmark
hVi 68 % BCI 95 % BCI Best-fit 68 % BCI 95 % BCI Best-fit
hγ1 −0.0001±0.0026 −0.0001+0.0048−0.0047 −0.0002 0.0039+0.0047−0.0031 0.0039+0.0068−0.0075 0.0040
hZ1 0.0003±0.0028 0.0003+0.0054−0.0054 0.0001 0.0050±0.0033 0.0050+0.0064−0.0063 0.0047
hγ3 −0.0030+0.0036−0.0020 −0.0030+0.0045−0.0054 0.0002 0.00348+0.0036−0.00086 0.00348+0.0047−0.0076 0.0056
hZ3 0.0004±0.0028 0.0004+0.0053−0.0055 −0.0002 0.0062+0.0030−0.0035 0.0062+0.0070−0.0062 0.0052
of the parameters has a strong correlation with one of the asymmetries, as shown in Fig. 3.11.
The narrow contours indicate that if one can improve the errors on the asymmetries, it will
improve the parameter extraction. The steeper is the slope of the narrow contour the larger
will be its improvement. We note that Ax and Ay have a steep dependence on the corre-
sponding parameters. Thus even small variations in the parameters lead to large variations in
the asymmetries. For Axy and Ax2−y2 the parametric dependence is weaker, leading to their
smaller variation with the parameters and hence narrower 68 % BCI.
For the parameter extraction, we look at their one-dimensional marginalized posterior
distribution function, shown in Fig. 3.12 for the two benchmark points. The best-fit points
along with 68 % and 95 % BCI are listed in Table 3.10. The best-fit points are very close to
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Figure 3.11. Two-dimensional marginalized contours showing most correlated observables for
each parameter of the process e+e− → Zγ for two benchmark points. The rest of the details are
the same as in Fig. 3.7.
the true values of the parameters, and so are the means of the BCI for all parameters except
hγ3. For it, there is a downward movement in the value owing to the multi-valuedness of the
cross section. Also, we note that the 95 % BCI for the two benchmark points largely overlap,
making them seemingly un-distinguishable at the level of one-dimensional BCIs. To high-
light the difference between two benchmark points, we look at two-dimensional BC contours
as shown in Fig. 3.13. The 68 % BC contours (dark shades) can be roughly compared with
the contours of Fig. 3.6. The difference is that Fig. 3.13 has all four parameters varying and
all six observables are used simultaneously. The 95 % BC contours for the two benchmark
points overlap despite the fact that the cross section can distinguish them very clearly. In full
four-dimensional parameter space, the two contours do not overlap, and in the next section,
we try to establish this.
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Figure 3.12. Posterior one-dimensional marginalized distributions for parameters of the process
e+e−→ Zγ for SM (green/solid) and aTGC (blue/dashed) points. Vertical lines denote the values of
the benchmark points.
3.2.3 Separability of benchmark aTGCs
To depict the separability of the two benchmark points pictorially, we vary all four parameters
for a chosen process as a linear function of one parameter, t, as
~f (t) = (1− t) ~fSM + t ~faTGC, (3.2.5)
such that ~f (0) = ~fSM is the coupling for the SM benchmark point and ~f (1) = ~faTGC is the
coupling for the aTGC point. In Fig. 3.14 we show the normalized likelihood for the point
~f (t) assuming the SM pseudo data, L ( ~f (t)|SM), in solid/green line and assuming the aTGC
pseudo data, L ( ~f (t)|aTGC), in dashed/blue line. The left panel is for the ZZ production
process and the right panel is for the Zγ process. The horizontal lines correspond to the
normalized likelihood being e− 12 , while the full vertical lines correspond to the maximum
value, which is normalized to 1. It is clearly visible that the two benchmark points are
quite well separated in terms of the likelihood ratios. We have L ( ~faTGC|SM) ∼ 8.8× 10−19
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Figure 3.13. Two-dimensional contours for all pairs of the parameters in the process e+e−→ Zγ.
The Upper transparent layers (blue) are for aTGC and the lower layers (green) for the SM showing
the 68 % BC (dark shades) and 95 % BC (light shades) contours.
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Figure 3.14. Likelihood ratio for the separability of benchmark points for ZZ (left) and Zγ (right)
final state: SM pseudo data are in solid (green) and aTGC pseudo data are in dotted (blue) lines.
for the ZZ process, and it means that the relative likelihood for the SM pseudo data being
generated by the aTGC parameter value is 8.8× 10−19, i.e. negligibly small. Comparing
the likelihood ratio to e−n2/2 we can say that the data is nσ away from the model point. In
this case, SM pseudo data is 9.1σ away from the aTGC point for the ZZ process. Similarly
we have L ( ~fSM|aTGC) ∼ 1.7× 10−17, i.e. the aTGC pseudo data is 8.8σ away from the SM
point for the ZZ process. For the Zγ process we haveL ( ~faTGC|SM) ∼ 1.7×10−24(10.5σ) and
L ( ~fSM|aTGC)∼ 1.8×10−25(10.7σ). In all cases, the two benchmark points are well separable
as clearly seen in Fig. 3.14.
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3.3 Summary
Among all the polarization asymmetries, three of them, Ay, Axy, and Ayz, are CP-odd and
can be used to measure CP-Odd couplings in the production process. On the other hand,
Az, Axz, and Ayz are P-odd observables, while Ax, Ax2−y2 , and Azz are CP- and P-even. The
anomalous trilinear gauge couplings in the neutral sector, Eq. (3.1.1), are studied here using
these asymmetries along with the cross section. The one and two parameter sensitivity of
these asymmetries, together with cross section, are explored, and the one-parameter limits
using one observable are listed in Table 3.4 for an unpolarized e+e− collider. For finding
the best and simultaneous limits on the anomalous couplings, we performed a likelihood
mapping using the MCMC method and the obtained limits are listed in Tables 3.7 and 3.10
for ZZ and Zγ processes, respectively. The observables are calculated up to the quadratic
in dimension-6 form factors. In practice, one should consider the effect of dimension-8
contribution at linear order. However, we choose to work with only dimension-6 in couplings
with a partial contribution up to quadratic so as to compare the results with the current
LHC constraints on dimension-6 parameters. With appropriate polarized initial beams, the
anomalous couplings can be further constrained, which will be discussed in the next chapter.
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The contents in this chapter are based on the published article in Ref. [99].
The future ILC [195–197] will be a precision testing machine [207] which will have
the possibility of polarized initial beams. Two types of polarization, namely longitudinal
and transverse, for both initial beams (e− and e+) will play an important role in precise
measurement of various parameters, like the coupling among gauge bosons, Higgs cou-
pling to the top quark, and Higgs coupling to the gauge boson. Beam polarization has
the ability to enhance the relevant signal to background ratio and hence the sensitivity of
observables [207–211]. It can also be used to separate CP-violating couplings from a CP-
conversing one [83,85,93,94,101,207,212–216] if CP-violation is present in Nature. These
potentials of the beam polarizations have been explored, for example, to study τ polariza-
tion [213], top quark polarization [217] and its anomalous couplings [218], littlest Higgs
model [219], WWV couplings [208, 209, 220], Higgs couplings to gauge bosons [221–224].
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The role of beam polarizations along with Z boson polarizations to probe aTGC in
e+e−→ ZZ/Zγ
In this chapter, we study the effect of beam polarizations (longitudinal only) on neutral
aTGC using the polarization observables of Z in e+e−→ ZZ/Zγ processes (as studied in the
previous chapter, chapter 3). The neutral aTGC has been studied earlier with unpolarized
beam in Refs. [84, 87–90, 96, 97, 104, 105] as well as with polarized beams in Refs. [82, 83,
85, 86, 91–93, 95, 100, 101]. Some of these studies have used a fixed beam polarizations to
enhance the sensitivity of observables, while others have used two different sets of beam
polarizations (opposite choices) to construct the observables. We see the implication in both
the approaches.
4.1 Beam polarizations and polarization observables
The spin density matrix of a spin-1/2 particle, as introduced in Eq. (2.1.14), is given by,
ρ1/2 =
1
2
(
I2×2 + ~p · ~σ) , (4.1.1)
with σi being the Pauli spin matrices. After expansion, the above equation takes the form
ρ1/2 =
1
2
 1 + pz px− ipypx + ipy 1− pz
 . (4.1.2)
Thus the polarization density matrices for e− and e+ beams, in terms of longitudinal and
transverse polarizations, are given by,
Pe−(λe− ,λ′e−) =
1
2
 (1 +η3) ηTηT (1−η3)
 and (4.1.3)
Pe+(λe+ ,λ′e+) =
1
2
 (1 + ξ3) ξT e−iδξT eiδ (1− ξ3)
 , (4.1.4)
where η3 and ηT (ξ3 and ξT ) are longitudinal and transverse polarization of e− (e+) with δ
being the azimuthal angle between two transverse polarizations. The positive x-axis is taken
along the transverse polarization of e− and positive z-axis along its momentum.
The density matrix for the production of Z boson in the above process (Fig. 4.1 ) would
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e−
e+
Z/γ
f
f¯
Z
1
Figure 4.1. Feynman diagram for production of Z boson and its decay to a pair of fermions.
be
ρ(λZ ,λ′Z) =
∑
λe− ,λ′e− ,λe+ ,λ
′
e+
M †(λ′e− ,λ
′
e+ ,λ
′
Z)×M (λe− ,λe+ ,λZ)×
Pe−(λe− ,λ′e−)×Pe+(λe+ ,λ′e+). (4.1.5)
We note that the different helicities can take the following values:
λZ ,λ
′
Z ∈ {−1,0,1} and λe± ,λ′e± ∈ {−1,1}. (4.1.6)
For the present work, we restrict ourselves only to the longitudinal beam polarizations, i.e.
ηT = 0 = ξT . With the chosen beam polarizations, we construct the complete set of eight
polarization observables for the Z boson along with the total cross section in the processes
e+e− → ZZ/Zγ. Among the 8 polarization asymmetries of Z boson in the given processes,
the asymmetries Az, Axz, Ayz are zero in the SM (as has been seen in chapter 3) even with po-
larized beam owing to the forward-backward symmetry of produced Z. To make these asym-
metries non-zero we redefine the polarization observables O ∈ {pz,Txz,Tyz} (corresponding
to Az, Axz, Ayz) as
O → O˜ = 1
σZ
∫ cθ0
0
Comb(O ,ρ(λ,λ′))dcθZ −
∫ 0
−cθ0
Comb(O ,ρ(λ,λ′))dcθZ
 , (4.1.7)
where cθ0 is the beam pipe cut and Comb(O ,σ(λ,λ
′)) is the combination of production den-
sity matrix corresponding the polarization observable O (given in Eq. (2.1.32) ). For exam-
ple, with O = pz one has
Comb(Pz,ρ(λ,λ′)) = ρ(+1,+1)−ρ(−1,−1)
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Figure 4.2. The SM cross section (in fb) for the process e+e−→ ZZ/Zγ as a function of longitu-
dinal beam polarizations η3 (for e−) and ξ3 (for e+) at
√
s = 500 GeV.
and the corresponding modified polarization is given by,
p˜z =
1
σZ
∫ cθ0
0
[
ρ(+1,+1)−ρ(−1,−1)]dcθZ −∫ 0−cθ0
[
ρ(+1,+1)−ρ(−1,−1)]dcθZ  . (4.1.8)
The asymmetries A˜z corresponding to the modified polarization P˜z is given by,
A˜z ≡ 1
σ
(
σ(cθZ × cθ f > 0)−σ(cθZ × cθ f < 0)
)
. (4.1.9)
Similarly Axz and Ayz related to Txz and Tyz are modified as,
A˜xz ≡ 1
σ
(
σ(cθZ × cθ f cφ f > 0)−σ(cθZ × cθ f cφ f < 0)
)
,
A˜yz ≡ 1
σ
(
σ(cθZ × cθ f sφ f > 0)−σ(cθZ × cθ f sφ f < 0)
)
. (4.1.10)
Redefining these asymmetries increases the total number of the non-vanishing observables to
put simultaneous limit on the anomalous coupling and we expect limits tighter than reported
earlier in chapter 3.
The total cross section (or the total number of events) of a process plays an important
role in determining the sensitivity and the limits on the anomalous couplings. A tighter limit
on the anomalous couplings can be obtained if the cross section can be enhanced. Beam
polarization can enhance the cross section, and hence it is important to see how it depends
on beam polarization. Fig. 4.2 shows the dependence of the cross sections σZZ and σZγ on
the longitudinal beam polarizations η3 and ξ3 at
√
s = 500 GeV. The asterisk mark on the
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middle of the plots represents the unpolarized case. We notice that the cross section in the
two processes are larger for a negative value of η3 and a positive value of ξ3. The sensitivity
on the cross section is expected to be high in the left-top corner of the η3 − ξ3 plane. This
would convince us to set beam polarizations at the left-top corner for analysis. But the
cross section is not the only observable; the asymmetries have different behaviour on beam
polarizations. For example, Ax peaks at the right-bottom corner, i.e. we have an opposite
behaviour compared to cross section, while Az has a similar dependence as the cross section
on the beam polarizations in both the processes. Processes involving W± are also expected to
have a higher cross section at the left-top corner of η3−ξ3 plane as W couple to the left chiral
electron. Anomalous couplings are expected to change the dependence of all the observables,
including the cross section, on the beam polarizations. To explore this, we study the effect
of beam polarizations on the sensitivity of cross section and other observables to anomalous
couplings in the next section.
4.2 Effect of beam polarization on the sensitivity
The sensitivity of an observablesO depending on anomalous couplings ~f given in Eq. (3.1.16)
with a given beam polarizations η3 and ξ3 will now be given by,
S (O( ~f ,η3, ξ3)) =
|O( ~f ,η3, ξ3)−O(~0,η3, ξ3)|
|δO(η3, ξ3)| , (4.2.1)
where δO =
√
(δOstat.)2 + (δOsys.)2 is the estimated error in O . The estimated error to cross
section would be
δσ(η3, ξ3) =
√
σ(η3, ξ3)
L
+ 2σσ(η3, ξ3)2, (4.2.2)
whereas the estimated error to the asymmetries would be
δA(η3, ξ3) =
√
1−A(η3, ξ3)2
Lσ(η3, ξ3)
+ 2A. (4.2.3)
Here L is the integrated luminosity, σ and A are the systematic fractional error in cross
section and asymmetries, respectively. In these analyses we take L = 100 fb−1, σ = 0.02
and A = 0.01 as a benchmark. We study the sensitivity of all the observables to the aTGC
for some benchmark values and see the effect of beam polarization on them. Choosing a
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Figure 4.3. Effect of beam polarizations on sensitivity of cross section σ, Axy and A˜yz in the
process e+e− → ZZ for anomalous couplings ~f = {+3,+3,+3,+3} × 10−3 at √s = 500 GeV and
L = 100 fb−1.
benchmark value for the anomalous couplings to be
~f = { f γ4 , f Z4 , f γ5 , f Z5 } = {+3,+3,+3,+3}×10−3,
we show the sensitivities for σ, Axy and A˜yz in Fig. 4.3 as a function of beam polarizations.
The sensitivities for the cross section and A˜yz peak at the left-top corner of the plots. For
Axy sensitivity peak at the right-bottom corner, it is not much smaller in the left-top corner
either. The sensitivities of all other asymmetries (not shown here) except A˜z peaks at the
left-top corner although the exact dependence on the beam polarization may differ. Thus, the
combined sensitivity of all the observables is high on the left-top corner of the polarization
plane making (η3, ξ3) = (−0.8,+0.8) the best choice for the chosen benchmark coupling.
This best choice, however, strongly depends upon the values of the anomalous couplings.
We note that the best choice of the beam polarization is mainly decided by the behaviour
of the cross section because most of the asymmetries also have similar dependences on the
beam polarizations. This, however, does not mean that the cross section provides the best
sensitivity or limits. For example, in Fig. 4.3 we can see that A˜yz has a better sensitivity than
the cross section. For the Zγ process with the benchmark point
~h = {hγ1,hZ1 ,hγ3,hZ3 } = {+3,+3,+3,+3}×10−3
one obtains similar conclusions: the sensitivities of all observables peak at left-top corner of
η3− ξ3 plane (not shown) except for A˜z.
For a complete analysis we need to use all the observables simultaneously. To this end
we define a likelihood function considering the set of all the observables depending on the
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Figure 4.4. Likelihood L({O}, ~f ;η3, ξ3) for three different benchmark anomalous couplings at√
s = 500 GeV andL = 100 fb−1 in ZZ process.
anomalous coupling ~f as,
L({O}, ~f ;η3, ξ3) = exp
[
− 1
2
∑
i
S (Oi( ~f ,η3, ξ3))2
]
, (4.2.4)
i runs over the set of observables in a process. Maximum sensitivity of observables requires
the likelihood to be minimum. The likelihood defined here is proportional to the p-value
and hence the best choice of beam polarizations comes from the minimum likelihood or
maximum distinguishability.
The beam polarization dependence of the likelihood for the ZZ process at the above cho-
sen anomalous couplings is given in Fig. 4.4(a). The minimum of the likelihood falls in the
left-top corner of the η3 − ξ3 plane as expected as most of the observables has higher sensi-
tivity at this corner. For different anomalous couplings, the minimum likelihood changes its
position in the η3− ξ3 plane. We have checked the likelihood for 16 different corners of
~f±±±± = {±3,±3,±3,±3}×10−3
and they have different dependences on η3, ξ3. Here we present the likelihood for three dif-
ferent choices of the anomalous couplings in Fig. 4.4. In Fig. 4.4(b), the minimum of the
likelihood falls in the right-bottom corner where most of the observables have higher sensi-
tivity. In Fig. 4.4(c) low likelihood falls in both diagonal corners in the η3 − ξ3 plane. This
is because some of the observables prefer the left-top corner, while others prefer the right-
bottom corner of the polarization plane for higher sensitivity. We have a similar behaviour
for the likelihood in the Zγ process.
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4.3 Average likelihood and best choice of beam polar-
ization
In the previous section, we observed that, as the anomalous couplings change, the minimum
likelihood region changes accordingly and hence the best choice of beam polarizations. So
the best choice for the beam polarizations depends on the new physics in the process. If one
knows the new physics one could tune the beam polarizations to have the best sensitivity for
the analysis. But in order to have a suitable choice of beam polarizations irrespective of the
possible new physics one needs to minimize the likelihood averaged over all the anomalous
couplings. The likelihood function averaged over a volume in parameter space V ~f would be
defined as,
L(V ~f , {O};η3, ξ3) =
∫
V ~f
L({O}, ~f ;η3, ξ3)d ~f . (4.3.1)
This quantity is nothing but the weighted volume of the parameter space that is statistically
consistent with the SM. The size of this weighted volume determines the limits on the param-
eters. The beam polarizations with the minimum averaged likelihood (or minimum weighted
volume) is expected to be the average best choice for any new physics in the process. For
numerical analysis, we choose the volume to be a hypercube in the 4 dimensional parameter
space with sides equal to 2×0.05 (much larger than the available limits on them) in both the
processes. The contribution to the average likelihood from the region outside this volume is
negligible.
The average likelihood L(V ~f , {O};η3, ξ3) in the ZZ process as a function of beam polar-
ization is shown in Fig. 4.5 on log-scale. The dot on the middle of the the plot represents
the unpolarized case and the cross mark at PZZ = (+0.16,−0.16) represents the minimum
averaged likelihood point, i.e., the best choice of beam polarizations. The unpolarized point,
the best point and the points within two central contour in Fig. 4.5 have the same order of
average likelihood and expected to give similar limits on anomalous couplings. The polar-
ization point from darker contours corresponds to larger values of average likelihood, and
it is expected to give relatively looser limits on anomalous couplings. To explore this, we
estimate simultaneous limits using Markov-Chain–Monte-Carlo (MCMC) method at PZZ ,
unpolarized beam, and few other benchmark choices of beam polarizations. The limits thus
obtained on the anomalous couplings for the ZZ process are listed in Table 4.1. We note that
the limits for the best choice of polarizations (PZZ) are best but comparable to other nearby
4.3 Average likelihood and best choice of beam polarization 75
Figure 4.5. The log of average likelihood, log[L(V ~f , {O};η3, ξ3)] as a function of beam polariza-
tion is shown for the ZZ process at
√
s = 500 GeV andL = 100 fb−1. The dot at the centre is the
(0,0) point, while cross mark at PZZ = (+0.16,−0.16) is the minimum likelihood point and hence
the best choice of beam polarizations for ZZ process.
benchmark beam polarization including the unpolarized beams. This is due to the fact that
the average likelihood is comparable for these cases. Further, the limits for (+0.4,−0.4) and
(−0.4,+0.4) are increasingly bad, as these points correspond to the third and fourth contours,
i.e., we have an increasingly larger average likelihood. The point (−0.8,+0.8) has the largest
average likelihood and the corresponding limits are the worst in Table 4.1. We also note that
the limits for the unpolarized case in Table 4.1 are better than the ones reported in Ref. [98],
when adjusted for the systematic errors. This improvement here is due to the inclusion of
three new non-vanishing asymmetries A˜z, A˜xz and A˜yz. Of these, A˜xz has a linear dependence
on f γ,Z5 with larger sensitivity to f
Z
5 leading to about 30 % improvement in the limit. Simi-
larly, the CP-odd asymmetry A˜yz has a linear dependence on f
γ,Z
4 with larger sensitivity to f
Z
4
and this again leads to about 30 % improvement in the corresponding limit. The asymmetry
A˜z has a quadratic dependence on all four parameters and has too poor sensitivity for all of
them to be useful.
We do a similar analysis for the Zγ process. The average likelihood L(V~h, {O};η3, ξ3) is
shown in Fig. 4.6 on log-scale. Here also the dot on the middle of the plot is for unpolarized
case while the plus mark at PZγ = (+0.09,−0.10) is for the minimum averaged likelihood and
hence the best choice of beam polarizations. The corresponding simultaneous limits on the
anomalous couplings hi are presented in Table 4.2.Again we notice that the limits obtained
for the best choice of the beam polarizations PZγ are tighter than any other point on the
polarization plane, yet comparable to the nearby polarization points within the two central
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Table 4.1. List of simultaneous limits on the anomalous couplings obtained for
√
s = 500 GeV
andL = 100 fb−1 for different η3 and ξ3 from MCMC in ZZ process.
Beam
polarizations
Limits on couplings (10−3)
f γ4 f
Z
4 f
γ
5 f
Z
5
(η3, ξ3) 68 % 95 % 68 % 95 % 68 % 95 % 68 % 95 % Comments
−0.80,+0.80 +7.3−9.3 +13.0−12.0 +15.0−14.0 +18.0−19.0 ±7.3 ±13.0 ±11.0 +19.0−18.0
−0.40,+0.40 ±3.1 +5.8−5.7 ±4.4 +8.2−8.4 ±3.3 +6.3−6.2 +4.5−5.2 +9.3−8.5
0.00, 0.00 ±1.7 ±3.3 ±2.5 ±4.8 ±1.9 +3.7−3.6 +2.3−2.7 +5.1−4.6 Unpolarized point
+0.09,−0.10 ±1.7 ±3.2 ±2.4 +4.7−4.6 ±1.8 +3.5−3.4 +2.2−2.6 +4.9−4.5 PZγ, best for Zγ
+0.12,−0.12 ±1.6 ±3.1 ±2.4 ±4.7 ±1.8 +3.5−3.4 +2.2−2.6 +5.0−4.5 Pbest, combined best
+0.16,−0.16 ±1.6 ±3.1 ±2.4 ±4.7 ±1.8 +3.5−3.4 +2.3−2.7 +5.1−4.5 PZZ , best for ZZ
+0.40,−0.40 ±1.9 ±3.7 ±3.2 +6.1−6.2 ±2.1 +4.0−4.1 +3.1−3.7 +6.7−6.0
+0.80,−0.80 +5.3−6.2 +9.8−9.3 +9.7−12.0 +18.0−17.0 ±5.4 +9.5−9.9 ±9.9 +17.0−18.0
Figure 4.6. Same as Fig. 4.5 but for the Zγ process. The plus mark at PZγ = (+0.09,−0.10) is
the lowest likelihood point and hence the best choice of beam polarizations for Zγ process.
contours in Fig. 4.6, including the unpolarized point. This again is due to the comparable
values of the averaged likelihood of the two central contours containing PZγ and the unpo-
larized point. The limits at the points (+0.4,−0.4) and (−0.4,+0.4) are worse as they fall
in the fourth and fifth contour containing much larger likelihood values. Like the ZZ case
the point (−0.8,+0.8) has the largest average likelihood and the corresponding limits are the
worst. The simultaneous limits for the unpolarized case (also the PZγ) turns out to be much
better than the ones reported in Ref. [98] for hγ1,3 due to the inclusions of new asymmetries in
the present analysis. The CP-odd asymmetry A˜yz has linear dependence on h
γ,Z
1 with a large
sensitivity towards hγ1 leading to an improvement in the corresponding limit by a factor of
two compare to earlier report when adjusted for systematic errors. The limit on hγ3 improves
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Table 4.2. List of simultaneous limits on the anomalous couplings obtained for
√
s = 500 GeV
andL = 100 fb−1 for different η3 and ξ3 from MCMC in Zγ process.
Beam
polarizations
Limits on couplings (10−3)
hγ1 h
Z
1 h
γ
3 h
Z
3
(η3, ξ3) 68 % 95 % 68 % 95 % 68 % 95 % 68 % 95 % Comments
−0.80,+0.80 +7.7−9.3 ±13.0 ±11.0 +18.0−19.0 ±7.5 ±13.0 ±11.0 ±19.0
−0.40,+0.40 ±3.9 +7.4−7.5 ±6.5 ±12.0 +4.4−3.7 +7.1−8.0 ±6.6 +13.0−12.0
0.00, 0.00 ±1.6 ±3.1 ±3.7 +7.1−7.0 +1.6−1.4 +2.8−3.0 ±3.6 ±7.1 Unpolarized point
+0.09,−0.10 ±1.5 ±2.9 ±3.6 ±7.0 +1.4−1.3 +2.6−2.8 ±3.6 +7.0−7.1 PZγ, best for Zγ
+0.12,−0.12 ±1.5 ±2.9 ±3.7 ±7.1 ±1.4 +2.6−2.8 ±3.6 ±7.1 Pbest, combined best
+0.16,−0.16 ±1.5 ±3.0 ±3.7 +7.2−7.3 +1.5−1.3 +2.6−2.8 ±3.7 +7.1−7.3 PZZ , best for ZZ
+0.40,−0.40 ±2.4 ±4.6 ±5.2 ±10.0 +2.5−2.2 +4.3−4.7 ±5.2 ±10.0
+0.80,−0.80 ±5.8 +10.0−9.9 +11.0−13.0 +19.0−18.0 +5.8−7.2 +10.0−9.7 +13.0−15.0 +19.0−18.0
by a factor of 3 owing to the asymmetry A˜xz. The limits on hZ1,3 remain comparable.
Figure 4.7. The log of average likelihood, log[L(V{ ~f ,~h}, {O};η3, ξ3)], is shown considering both the
processes ZZ and Zγ at
√
s = 500 GeV,L = 100 fb−1. The asterisk mark at Pbest = (+0.12,−0.12)
is the combined best choice for beam polarizations while the other points are for ZZ (cross mark)
and Zγ (plus mark).
The combined analysis of the processes ZZ and Zγ is expected to change the best choice
of beam polarizations and limits accordingly. For the average likelihood for these two pro-
cesses the volume, in which one should average, will change to V ~f /~h→ V ~F , where ~F = { ~f ,~h}
and observables from both processes should be added to the likelihood defined in Eq. 4.2.4.
The combined averaged likelihood showing dependence on the beam polarizations for the
two processes considered here is shown in Fig. 4.7. The dot on the middle of the plot is for
the unpolarized case and asterisk mark at Pbest = (+0.12,−0.12) is the combined best choice
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Figure 4.8. Two dimensional marginalised contours at 95 % confidence level (C.L.) from MCMC
in ZZ production in f γ4 - f
Z
4 and f
γ
5 - f
Z
5 planes for unpolarized case, best choice for ZZ process and
combined best choice of beam polarization including both processes.
of beam polarizations. Other points are due to PZZ and PZγ. The combined best choice point
sits in between PZZ and PZγ. The limits, presented in Table 4.1 and 4.2, at the combined best
choice of the beam polarizations are slightly weaker than the limit at the best choice points
but comparable in both processes as expected. Thus the combined best choice can be a good
benchmark beam polarizations for the process ZZ and Zγ to study at ILC.
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Figure 4.9. Two dimensional marginalised contours at 95 % C.L. from MCMC in Zγ production
in hγ1-h
Z
1 and h
γ
3-h
Z
3 planes for unpolarized case, best choice for Zγ process and combined best
choice of beam polarization including both processes.
The best choice of beam polarizations, obtained here, depends on the size of the estimated
error of the observables and hence on the systematics σ and A. Numerical analysis shows
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that the best choice points, for both processes separately and combined, move away from
the unpolarized point along the cross diagonal axis towards the right-bottom corner on the
η3 − ξ3 plane when σ or A or both are increased. For example, if we double σ and A
both, i.e. we take σ = 0.04 and A = 0.02, the best choice points PZZ , PZγ and Pbest become
(+0.20,−0.20), (+0.13,−0.12) and (+0.17,−0.16), respectively. On the other hand, the best
choice points move towards the unpolarized point as the systematics are decreased. For
example, when the systematics are reduced by 1/2, i.e. for σ = 0.01 and A = 0.005, the best
choice points for ZZ, Zγ and for combined process move to (+0.15,−0.15), (+0.08,−0.08)
and (+0.11,−0.11), respectively. However, the best choice points do not move further closer
to the unpolarized point when the size of systematics becomes smaller than the statistical
one.
Similar analysis as presented in Fig. 4.7 can be done by combining many processes, as
one should do, to choose a suitable beam polarizations at ILC. For many processes with
different couplings, the volume in which one should do the average will change to V ~f /~h =
V ~F , where ~F would be the set of all couplings for all the processes considered. The set of
observables {O} would include all the relevant observables from all the processes combined
in the expression for the likelihood.
The best choice of beam polarization in both processes not only gives tighter constraints
on the anomalous couplings but also changes the correlation among the couplings. In Figs. 4.8
and 4.9, we show correlations among the anomalous couplings in both processes in marginalised
contours at 95 % BCI from MCMC for the unpolarized case as well as three best choices of
beam polarizations. The correlations got reduced in the best choices of beam polarization
apart from tightening the limits on them.
4.4 Results with beam polarizations combined with their
opposite values
The above analyses of obtaining best choice of beam polarization and the limits on the cou-
plings is done using a fixed choice of beam polarizations. However, an e+e− machine will
run with longitudinal beam polarizations switching between (η3, ξ3) and (−η3,−ξ3) [207].
For integrated luminosity of 100 fb−1, one will have half the luminosity (50 fb−1) available
for each polarization configuration. We combine the beam polarization (+η3,+ξ3) and its
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Figure 4.10. The log of average likelihood, log[L(V ~f , {O};η3, ξ3)] as a function of beam polar-
ization (±η3,±ξ3) is shown for the ZZ (left-panel) and Zγ (right-panel) process for √s = 500
GeV and L = 100 fb−1. The dots (•) on the plots are the choice of polarizations for obtaining
simultaneous limits given in Table 4.3 and Figs. 4.11 & 4.12.
opposite (−η3,−ξ3) at the level of χ2 as,
χ2tot(±η3,±ξ3) =
N∑
i
(
χ2
[
obsi(+η3,+ξ3)
]
+χ2
[
obsi(−η3,−ξ3)]) , (4.4.1)
where N = 9 is the total number of observables.
Table 4.3. List of simultaneous limits at 95 % C.L. on the anomalous couplings (10−3) obtained
for
√
s = 500 GeV and L = 100 fb−1 for different beam polarization (±η3,±ξ3) from MCMC in
ZZ and Zγ processes.
f V ,hV (0.0,0.0) (±0.1,∓0.1) (±0.2,∓0.2) (±0.4,∓0.4) (±0.8,∓0.6) (±0.8,∓0.8)
f γ4
+3.3
−3.3
+3.0
−3.0
+2.9
−2.9
+2.6
−2.6
+2.1
−2.1
+2.0
−2.0
f Z4
+4.8
−4.8
+4.4
−4.4
+4.3
−4.3
+4.0
−3.9
+3.6
−3.6
+3.4
−3.4
f γ5
+3.7
−3.6
+3.3
−3.3
+3.1
−3.2
+2.6
−2.8
+2.1
−2.3
+2.0
−2.1
f Z5
+5.1
−4.6
+6.0
−2.8
+5.8
−2.8
+5.3
−2.6
+4.7
−2.5
+4.4
−2.4
hγ1
+3.1
−3.1
+2.7
−2.7
+2.6
−2.5
+2.3
−2.3
+2.0
−2.0
+1.9
−1.9
hZ1
+7.0
−7.0
+6.1
−6.0
+5.5
−5.6
+4.4
−4.4
+3.4
−3.5
+3.3
−3.2
hγ3
+2.6
−2.8
+2.0
−2.9
+2.0
−2.7
+1.8
−2.4
+1.7
−2.0
+1.6
−1.9
hZ3
+7.0
−7.1
+6.0
−5.8
+5.4
−5.2
+4.2
−4.1
+3.2
−3.1
+3.0
−2.9
We calculate the weighted-volume in Eq. (4.3.1) using the total χ2 given in Eq. (4.4.1)
for both ZZ and Zγ production processes and they are shown in Fig. 4.10 as a function of
beam polarization (±η3,±ξ3). The weighted-volume or the averaged likelihood decreases
along the ±η3 = ∓ξ3 line and the beam polarization (±0.8,∓0.8) poses the minimum values
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Figure 4.11. All the one dimensional marginalised projections and two dimensional marginalised
contours at 95 % C.L. in triangular array from MCMC in ZZ production for
√
s = 500 GeV and
L = 100 fb−1 for different beam polarizations (±η3,±ξ3).
for both ZZ and Zγ processes and their combined one. There are constant lines for a constant
values of the weighted-volume implying that each beam polarization points on a given line
will provide similar limit on the couplings. Though, the point (±0.8,∓0.8) is the best choice
for beam polarization, the point (±0.8,∓0.6) is the best within the limitation for positron
polarization, i.e., |ξ3| < 0.6.
We estimate simultaneous limits on the couplings in both processes using MCMC with
the combined χ2 given in Eq. (4.4.1) for a set of beam polarizations (0,0), (±0.1,∓0.1),
(±0.2,∓0.2), (±0.4,∓0.4), (±0.8,∓0.6), and (±0.8,∓0.8). The simultaneous limits at 95 %
BCI on the anomalous couplings are shown in Table 4.3 for both processes. It can be seen
that the limits with beam polarization combined with the opposite values given in Table 4.3
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Figure 4.12. All the one dimensional marginalised projections and two dimensional marginalised
contours at 95 % C.L. in triangular array from MCMC in Zγ production for
√
s = 500 GeV and
L = 100 fb−1 for different beam polarizations (±η3,±ξ3).
are better than the limits with fixed beam polarization given in Tables 4.1 & 4.2 with the
same luminosity of 100 fb−1. The one dimensional marginalised projections and two dimen-
sional marginalised contours at 95 % BC in triangular array from MCMC obtained for the
same set of beam polarizations as in Table 4.3 are shown in Fig. 4.11 and Fig. 4.12 for ZZ
and Zγ processes, respectively. We observe that as the amplitude of beam polarizations are
increased, the correlations reduce ( f γ4 - f
γ
5 , f
Z
4 - f
Z
5 in Fig. 4.11 and h
γ
1-h
γ
3, h
Z
1 -h
Z
3 in Fig. 4.12)
along with the limits getting tighter.
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4.5 Summary
To summarize, we studied the effects of beam polarization on polarization asymmetries and
corresponding sensitivities towards anomalous couplings in this chapter. Using the minimum
averaged likelihood, we found the best choice of the beam polarization for the two processes
for fixed beam polarization as well as when opposite beam polarization are combined to-
gether. Here, the list of observables includes the cross section along with eight polarization
asymmetries for the Z boson. Simultaneous limits on anomalous couplings were obtained
using the MCMC method for a set of benchmark beam polarizations for both fixed choices
and combined with flipped choices. The simultaneous limits for a fixed choice of beam po-
larizations are presented in Tables 4.1 and 4.2, while for choice for polarizations combined
with opposite values are presented in Table 4.3. The limits obtained for the unpolarized case
are better than the ones reported in chapter 3. This is because the present analysis includes
three new observables A˜z, A˜xz and A˜yz. These new asymmetries yield better limits on f Z4,5 and
hγ1,3, while we have comparable (yet better) limits on f
γ
4,5 and h
Z
1,3. In the fixed beam polar-
ization case, the best choices of beam polarizations are somewhere closer to the unpolarized
point. In the combined case, however, the best choices of beam polarization appear to be as
maximum as can be, and that is same for two processes separately as well as combinedly.
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The contents in this chapter are based on the published article in Ref. [106].
In the previous two chapters, we studied the neutral aTGC at a future linear collider, the
ILC. It is natural to see the implication of the aTGC using the polarization observables at the
current collider LHC, which already have collected enough data to put stringent limits on the
aTGC. In this chapter, we see the prospects of aTGC in ZZ production in 4-lepton final state
at the LHC. The neutral aTGC appearing in the ZZ production at dimension-6 are given by
the subset
LZZV =
e
m2Z
[
−
[
f γ4
(
∂µFµβ
)
+ f Z4
(
∂µZµβ
)]
Zα
(
∂αZβ
)
+
[
f γ5
(
∂σFσµ
)
+ f Z5
(
∂σZσµ
)]
Z˜µβZβ
]
(5.0.1)
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of the full Lagrangian given in Eq. (3.1.1) containing only four parameters f V4 and f
V
5 . There
has been a lot of study of these neutral aTGC for a hadron collider [82, 84, 87–90, 102, 103]
with different techniques. These neutral aTGCs have also been searched at the LHC in
different processes [141–147] including the ZZ production [141, 146] using cross section
in suitable kinematical cuts. The stringent limits on these aTGC has been obtained in ZZ
production itself at the LHC [146]. The tightest limits at 95 % C.L. for
√
s = 13 TeV and
L = 35.9 fb−1 are
−0.0012 < f Z4 < 0.0010, −0.0010 < f Z5 < 0.0013,
−0.0012 < f γ4 < 0.0013, −0.0012 < f γ5 < 0.0013, (5.0.2)
obtained by varying one parameter at a time and using only the cross section as observable.
We note that these ranges of couplings do not violate unitarity bound up to an energy scale
of 10 TeV. Whereas a size as large as O(±0.1) of the couplings can be allowed if the uni-
tarity violation is assumed to take place at the energy scale of 3 TeV, a typical energy range
explored by the current 13 TeV LHC. Our strategy, here, is to see the significance of the
polarization observables on top of the cross section in probing the aTGC.
The leading order (LO) result of the ZZ pair production cross section is way below the
result measured at the LHC [146, 147]. However, the existing next-to-next-to-leading order
(NNLO) [225, 226] results are comparable with the measured values at CMS [146] and AT-
LAS [147]. We, however, obtain the cross section at next-to-leading order (NLO) in the SM
and in aTGC using MadGraph5_aMC@NLO [190] and have used the SM k-factor to match to
the NNLO value. The details of these calculations are described in section 5.1.
The LHC being a symmetric collider, most of the polarization of Z in ZZ pair production
are either zero or close to zero except the polarization Txz, Txx − Tyy, and Tzz. For better
significance, we used the tilde asymmetry A˜xz corresponding to Txz as given in Eq. (4.1.10)
with cθZ being measured in the Lab frame. To get the momentum direction of Z boson, one
needs a reference axis (z-axis), but we can not assign a direction at the LHC because it is a
symmetric collider. So we consider the direction of the boost of the 4l final state to be the
proxy for reference z-axis. In qq¯ fusion, the quark is supposed to have larger momentum
then the anti-quark at the LHC, thus above proxy statistically stands for the direction of the
quark and cθZ is measured w.r.t. the boost.
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1Figure 5.1. Representative Feynman diagrams for ZZ pair production at the LHC in the SM (qq¯
and gg initiated) as well as in aTGC (qq¯ initiated) at tree level together with NLO in QCD.
We are interested in studying anomalous triple gauge boson couplings in ZZ pair pro-
duction at the LHC. The tree level standard model contribution to this process comes from
the representative diagram (a0) in Fig. 5.1, while the tree level aTGC contribution is shown
in the diagram (b0). Needless to say, the tree level cross section in the SM is way below the
measured cross section at the LHC, because QCD corrections are very high in this process.
In the SM, at NLO (O(αs)), virtual contributions come from the representative diagrams (a1–
a3) and real contributions come from (a4–a9) in the qq¯ initiated sub-process. The gg initiated
sub-process appears at 1-loop level, the diagrams (a10–a12), and contributes at O(α2s). The
LO, NLO and NNLO results from theoretical calculation available in literature [225,226] and
our estimate in MATRIX [226–234] for ZZ production cross section at
√
s = 13 TeV for a pp
collider are listed in Table 5.1. The recent experimental measurement from CMS [146] and
ATLAS [147] are also shown for comparison. The cross section at NLO receives as much as
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Table 5.1. The theoretical estimates and experimental measurements of the ZZ production cross
section at
√
s = 13 TeV at the LHC. The uncertainties in the theoretical estimates come from scale
variation.
Obtained at σLO [pb] σNLO [pb] σNNLO [pb]
MATRIX 9.833+5.2%−6.2% 14.08
+2.9%
−2.4% 16.48
+3.0%
−2.4%
Heinrich et al. [225] 9.890+4.9%−6.1% 14.51
+3.0%
−2.4% 16.92
+3.2%
−2.6%
Cascioli et al. [226] 9.887+4.9%−6.1% 14.51
+3.0%
−2.4% 16.91
+3.2%
−2.4%
CMS [146] 17.2±0.5(stat.)±0.7(syst.)±0.4(lumi.)
ATLAS [147] 17.3±0.6(stat.)±0.5(syst.)±0.6(lumi.)
∼ 46 % correction over LO and further the NNLO cross section receives ∼ 16 % correction
over the NLO result. At NNLO the qq¯ sub-process receives 10 % correction [226] over NLO
and the gg initiated O(α3s) sub-process receives 70 % correction [235] over it’s O(α
2
s) result.
The higher order corrections to the cross section vary w.r.t.
√
sˆ or mZZ as shown in Fig. 5.2
with only qq¯ initiated processes in the left-panel and qq¯ + gg initiated processes in the right-
panel obtained at MATRIX [226–234]. The lower panels display the respective bin-by-bin
ratios to the NLO central predictions. The NLO to LO ratio does not appear to be constant
over the range of mZZ . Thus a simple k-factor with LO events can not be used as proxy for
NLO events. We use results obtained at MadGraph5_aMC@NLOincluding NLO QCD correc-
tions for our analysis. The LO and NLO results obtained in MadGraph5_aMC@NLO v2.6.2
with PDF (parton-distribution-function) sets NNPDF23 are
σ
qq¯→ZZ
O(α0s )
= 9.341+4.3%−5.3% pb,
σ
qq¯→ZZ
O(αs)
= 13.65+3.2%−3.6% pb,
σ
gg→ZZ
O(α2s )
= 1.142+24.5%−18.7% pb,
σ
qq¯+gg→ZZ
mixed1
= σ
qq¯→ZZ
O(αs)
+σ
gg→ZZ
O(α2s )
= 14.79+4.8%−4.7% pb. (5.1.1)
The errors in the subscript and superscript on the cross section are the uncertainty from scale
variation. The total cross section combining the qq¯ sub-process at O(α2s) with gg at O(α
3
s) is
given by,
σ
qq¯+gg→ZZ
mixed2
= σ
qq¯→ZZ
O(αs)
×1.1︸          ︷︷          ︸
O(α2s )
+ σ
gg→ZZ
O(α2s )
×1.7︸          ︷︷          ︸
O(α3s )
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Figure 5.2. The differential distributions of mZZ in the ZZ production at the LHC at
√
sˆ = 13 TeV
in LO, NLO and NNLO obtained using MATRIX. In the left-panel qq¯ initiated results are shown,
while in the right-panel qq¯ + gg initiated results are shown.
= 16.96+5.6%−5.3% pb. (5.1.2)
The MadGraph5 results are below the MATRIX results due the difference in PDF sets. The
aTGC has also a substantial NLO QCD correction and they come from the diagram (b2)
at 1 loop level and from (b2–b4) as the real radiative process. The aTGC effect is not in-
cluded in the gg process where the aTGC may come from a similar diagram with h→ ZZ
in Fig. 5.1(a12) but h replaced with a Z. As an example of NLO QCD correction of aTGC
in this process, we obtain cross section at
√
s = 13 TeV with all couplings f Vi = 0.001. The
cross section for only aTGC part, (σaTGC−σSM) at LO and NLO are 71.82 fb (0.77 %) and
99.94 fb (0.73 %), respectively. Thus NLO result comes with a substantial amount (∼ 39 %)
of QCD correction over LO at this given aTGC point.
The signal consists of 4l (2e2µ/4e/4µ) final state which includes ZZ, Zγ?, and γ?γ?
processes. The signal events are generated in MadGraph5_aMC@NLO
with PDF sets NNPDF23 in the SM as well as in the aTGC as pp→ VV→ 2e2µ (V = Z/γ?)
at NLO in QCD in qq¯, qg as well as in 1-loop gg initiated process with the following basic
cuts (in accordance with Ref. [146]),
• plT > 10 GeV, hardest plT > 20 GeV, and second hardest plT > 12 GeV,
• |ηe| < 2.5, |ηµ| < 2.4,
• ∆R(e,µ) > 0.05, ∆R(l+, l−) > 0.02.
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To select the ZZ final state from the above generated signal we further put a constraint on
invariant mass of same flavoured oppositely charged leptons pair with
• 60 GeV < ml+l− < 120 GeV.
The 2e2µ cross section up to a factor of two is used as the proxy for the 4l cross section for
the ease of event generation and related handling.
The background event consisting tt¯Z and WWZ with leptonic decay are generated at LO
in MadGraph5_aMC@NLO with NNPDF23 with the same sets of cuts as applied to the signal,
and their cross section is matched to NLO in QCD with a k-factor of 1.41. This k-factor
estimation was done at the production level. We have estimated the total cross section of the
signal in the SM to be
σ(pp→ ZZ→ 4l)qq¯
O(αs)
= 28.39 fb,
σ(pp→ ZZ→ 4l)gg
O(α2s )
= 1.452 fb,
σ(pp→ ZZ→ 4l)qq¯+ggmixed1 = 29.85 fb,
σ(pp→ ZZ→ 4l)qq¯+ggmixed2 = 33.70 fb. (5.1.3)
The background cross section at NLO is estimated to be
σ(pp→ tt¯Z + WWZ→ 4l +ET )NLO = 0.020 fb. (5.1.4)
The values of various parameters used for the generation of signal and background are
• mZ = 91.1876 GeV, MH = 125.0 GeV,
• GF = 1.16639×10−5 GeV−2, αEM = 1/132.507,
αs = 0.118,
• ΓZ = 2.441404 GeV, ΓH = 6.382339 MeV.
The renormalization and factorization scale is set to
∑
MTi /2, M
T
i are the transverse mass of
all final state particles.
In our analysis, the total cross section in the SM including the aTGC is taken as2
σTot = σ
SM
mixed2
+ (σaTGCNLO −σSMNLO), (5.1.5)
1This k-factor for the backgrounds along with the NLO to NNLO k-factor for the signal is of-course an
approximation as they really depend on kinematic and angular distributions.
2mixed1 ≈ qq¯(O(αs)) + gg(O(α2s)), mixed2 ≈ qq¯(O(α2s)) + gg(O(α3s))
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the SM is considered at order mixed2, whereas the aTGC contribution along with it’s inter-
ference with the SM are considered at NLO in QCD (as the NNLO contribution is not known
with aTGC).
We will use polarization asymmetries as described in the previous section in our analysis.
Assuming that the NNLO effect cancels away because of the ratio of two cross section, we
will use the asymmetries as
Ai =
∆σmixed1i
σmixed1
. (5.1.6)
We use total cross section at mixed2 order and asymmetries at mixed1 order to put constrain
on the anomalous couplings. We note that the Z boson momentum is required to be re-
constructed to obtain it’s polarization asymmetries, which require the right pairing of two
oppositely charged leptons coming from a same Z boson in 4e/4µ channel. The right par-
ing of leptons for the Z boson in the same flavoured channel is possible with ∼ 95.5 % for
m4l > 300 GeV and ∼ 99 % for m4l > 700 GeV for both SM and aTGC by requiring a smaller
value of |mZ−ml+l− |. This small miss pairing is neglected as it allows to use the 2e2µ channel
as a proxy for the full 4l final state with good enough accuracy.
5.2 Probe of the anomalous couplings
The observables in this process, we have, are the cross section and the polarization asymme-
tries. We use these observables in a suitable kinematical cut region for m4l and ∆R (signal
region) to study the sensitivity on aTGC and obtain limits on them.
5.2.1 Effect of aTGC in kinematic distributions
The effect of aTGC on the observables varies with energy scale. We study the effect of
aTGC on various observables in their distribution and determine the signal region. In Fig. 5.3
we show four lepton invariant mass (m4l) or centre-of-mass energy (
√
sˆ) distribution (left-
panel) and ∆R distribution of µ+µ− pair (right-panel) at
√
s = 13 TeV for the SM along
with background tt¯Z + WWZ and some benchmark aTGC points for events normalized to
luminosity 300 fb−1 using MadAnalysis5 [236]. The gg contribution is at it’s LO (O(α2s)),
while all other contributions are shown at NLO (O(αs)). The qq¯→ ZZ, Zγ contribution
is shown in green band, gg→ ZZ,Zγ is in blue band and the background tt¯Z + WWZ con-
tribution is shown in grey band. The aTGC contribution for various choices are shown in
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Figure 5.3. The differential distributions of m4l (left-panel) and ∆R(µ+,µ−) (right-panel) in
the ZZ production at the LHC at
√
s = 13 TeV and L = 300 fb−1 at NLO in QCD. The light-
shaded region with maximum heights (green shaded), the dark-shaded region (blue shaded) and
the light-shaded region with smallest heights (grey shaded) correspond to qq¯ SM contribution,
gg SM contributions and the background, respectively. The aTGC contributions are shown with
different line types (colours).
dashed/cyan ( f Z5 = 0.002), solid/red ( f
Z
4 = 0.002), dashed-dotted/dark-green ( f
γ
5 = 0.002)
and small-dashed/magenta ( f γ4 = 0.002). For the m4l distribution in left, all events above
1 TeV are added in the last bin. All the aTGC benchmark i.e., f Vi = 0.002 are not visibly
different than the SM qq¯ contribution upto
√
sˆ = 0.8 TeV and there are significant excess of
events in the last bin, i.e., above
√
sˆ = 1 TeV. This is due to momentum dependence [98]
of the interaction vertex that leads to increasing contribution at higher momentum transfer.
In the distribution of ∆R(µ+,µ−) in the right-panel, the effect of aTGC is higher for lower
∆R (below 0.5). In the ZZ process, the Z bosons are highly boosted for larger
√
sˆ and their
decay products are collimated leading to a smaller ∆R separation between the decay leptons.
To see this kinematic effect, we plot events in m4l - ∆R plane in Fig. 5.4 (left-panel). Here,
we choose a minimum ∆R between e pair and µ pair event by event. We note that additional
events coming from aTGC contributions have higher m4l and lower ∆R between leptons. For
∆R < 0.2 most of the events contribute to the m4l > 1 TeV bin and they are dominantly com-
ing from aTGC, Fig. 5.4 (right-panel). Thus we can choose m4l > 1 TeV to be the signal
region.
In this analysis, the set of observables consist of the cross section and polarization asym-
metries A˜xz, Ax2−y2 , and Azz. The signal region for the cross section σ is chosen to be m4l > 1
TeV as we have discussed in the previous section. In case of asymmetries, we choose the
signal region as m4l > 0.3 TeV for A˜xz and m4l > 0.7 TeV for Ax2−y2 and Azz as the effect of
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Figure 5.4. m4l vs ∆R scattered plot (left) and m4l distribution for ∆R(l+, l−) ≷ 0.2 (right) in ZZ
production at the LHC at
√
s = 13 TeV for the SM and for aTGC with f γ4 = 0.002.
aTGC is found to be best in these region corresponding to these asymmetries. The expres-
sion for the cross section and the polarization asymmetries as a function of couplings are
obtained by numerical fitting the data generated by MadGraph5_aMC@NLO. The events are
generated for different set of values of the couplings f Vi = ( f
γ
4 , f
Z
4 , f
γ
5 , f
Z
5 ) and then various
cross sections, i.e., the total cross section and the numerator of the asymmetries, O , are fitted
as
O = O0 + f Vi ×Oi + f Vi × f Vj ×Oi j, (5.2.1)
in general, whereO0 is the value of corresponding cross sections in the SM. The observables,
considered here, are all CP-even in nature which leads to the modification of Eq. (5.2.1) as
O = O0 + f V5 ×OV5 + f γ4 f Z4 ×Oγ,Z4 + f γ5 f Z5 ×Oγ,Z5 + ( f Vi )2×OVVi , (5.2.2)
as the f V4 are CP-odd, while f
V
5 are CP-even couplings reducing the unknown from 15
to 9 to be solved. The numerical expressions of the cross section and the asymmetries as
a function of the couplings are given in appendix C.1. The observables are obtained up
to O(Λ−4), i.e., quadratic in dimension-6. In practice, one should consider the effect of
dimension-8 contribution at linear order. However, we choose to work with only dimension-
6 in couplings with a contribution up to quadratic so as to compare the results with the current
LHC constraints on dimension-6 parameters [146]. A note on keeping terms up to quadratic
in couplings, and not terminating at linear order, is presented in appendix C.2.
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5.2.2 Sensitivity of observables to the couplings
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Figure 5.5. The sensitivity of the cross section and the polarization observables to the anomalous
couplings at
√
s = 13 TeV andL = 300 fb−1 in ZZ production at the LHC.
We studied the sensitivities (see Eq. (3.1.16) for definition) of all the observables to the
couplings and show them in Fig. 5.5 forL = 300 fb−1. We consider systematic uncertainties
of σ = 5 % [146] and A = 2 % as a benchmark. We find asymmetries to be less sensitive
than the cross section to the couplings and thus cross section wins in putting limits on the
couplings. The sensitivity curves of all the couplings in each observable are symmetric
about zero as f V4 (being CP-odd) does not appear in linear in any observables, and also the
linear contribution from f V5 are negligibly small compared to their quadratic contribution (see
appendix C.1). For example, the coefficient of f V5 are ∼ 1 in σ(m4l > 1 TeV) (Eq. (C.1.3)),
while the coefficient of ( f V5 )
2 are ∼ 5×104. Thus even at f V5 = 10−3 the quadratic contribution
is 50 times stronger than the linear one. Although the asymmetries are not strongly sensitive
to the couplings as the cross section, they are useful in the measurement of the anomalous
couplings, which will be discussed in the next section.
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Table 5.2. One parameter limits (10−3) at 95 % C.L. on anomalous couplings in ZZ production
at the LHC at
√
s = 13 TeV for various luminosities.
param /L 35.9 fb−1 150 fb−1 300 fb−1 1000 fb−1
f γ4
+1.22
−1.20
+0.85
−0.85
+0.72
−0.72
+0.55
−0.55
f γ5
+1.21
−1.23
+0.84
−0.87
+0.71
−0.74
+0.54
−0.57
f Z4
+1.04
−1.03
+0.73
−0.72
+0.62
−0.61
+0.47
−0.47
f Z5
+1.03
−1.05
+0.72
−0.74
+0.61
−0.63
+0.46
−0.49
It is noteworthy to mention that the sensitivity of Ax2−y2 are flat and negligible for CP-
even couplings f V5 , while they vary significantly for CP-odd couplings f
V
4 . Thus the asym-
metry Ax2−y2 , although a CP-even observables, is able to distinguish between CP-odd and
CP-even interactions in the ZZ production at the LHC.
We use the total χ2 as (Eq. (3.1.16))
χ2( fi) =
∑
j
[
SO j( fi)
]2
(5.2.3)
to obtain the single parameter limits on the couplings by varying one parameter at a time
and keeping all other to their SM values. The single parameter limits thus obtained on all
the anomalous couplings at 95 % C.L. for four benchmark luminosities L = 35.9 fb−1, 150
fb−1, 300 fb−1 and 1000 fb−1 are presented in Table 5.2. The limit at L = 35.9 fb−1 given
in the first column of Table 5.2 are comparable to the tightest limit available at the LHC by
CMS [225] given in Eq. (5.0.2).
5.2.3 Simultaneous limits on the aTGC
Table 5.3. Simultaneous limits (10−3) at 95 % C.L. on anomalous couplings in ZZ production at
the LHC at
√
s = 13 TeV for various luminosities from MCMC.
param /L 35.9 fb−1 150 fb−1 300 fb−1 1000 fb−1
f γ4
+1.17
−1.15
+0.81
−0.81
+0.67
−0.68
+0.52
−0.52
f γ5
+1.50
−1.13
+0.78
−0.83
+0.66
−0.68
+0.51
−0.53
f Z4
+0.95
−0.96
+0.67
−0.67
+0.58
−0.58
+0.45
−0.44
f Z5
+0.95
−0.98
+0.68
−0.69
+0.57
−0.57
+0.43
−0.45
A likelihood-based analysis using the total χ2 with the MCMC method is done by vary-
ing all the parameters simultaneously to extract simultaneous limits on all the anomalous
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Figure 5.6. Two dimensional marginalised contours at 95 % BCI from MCMC using the cross
section σ along with polarization asymmetries (pol.) at
√
s = 13 TeV for various luminosities in
ZZ production at the LHC.
couplings for the four benchmark luminosity chosen. The two dimensional marginalised
contours at 95 % C.L. in the f γ4 - f
Z
4 and f
γ
5 - f
Z
5 planes are shown in Fig. 5.6 for the four
benchmark luminosities chosen, using the cross section together with the polarization asym-
metries, i.e, using (σ + pol.). The outer most contours are for L = 35.9 fb−1 and the inner-
most contours are for L = 1000 fb−1. The corresponding simultaneous limits on the aTGC
couplings for four benchmark luminosities are presented in Table 5.3. The simultaneous lim-
its are usually less tight than the one-dimensional limits, but find the opposite in some case,
which can be seen comparing Table 5.3 with Table 5.2. The reason for this is the following.
The cross section, the dominant observable, has a very little linear dependence, while it has a
large quadratic dependence on the couplings (see Eq. (C.1.3)). As a result, when one obtains
the limit on one parameter in the multi-parameter analysis, a slight deviation on any other
parameter from zero (SM point) tightens the limit on the former coupling.
5.2.4 Role of the polarization asymmetries in parameter extraction
The inclusion of polarization asymmetries with the cross section has no significant effect in
constraining the anomalous couplings. The asymmetries may still be useful in extracting
parameters if excess events were found at the LHC. To explore this, we do a toy analysis of
parameter extraction using the data for all aTGC couplings f Vi = 0.002 (well above current
limit) and use the MCMC method to extract back these parameters. We deliberately choose
the benchmark couplings with large values so as to emulate a situation where a deviation
from the SM is observed. In Fig. 5.7, we show two-dimensional marginalized contours for
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Figure 5.7. Comparison of σ vs (σ + pol.) in two dimensional marginalised contours from
MCMC for aTGC benchmark f Vi = 0.002 in f
γ
4 - f
Z
4 panel and f
γ
5 - f
Z
5 panel at
√
s = 13 TeV for
various luminosities in ZZ production at the LHC.
the four benchmark luminosities for the benchmark aTGC couplings in f γ4 - f
Z
4 and f
γ
5 - f
Z
Z
planes for the set of observables σ and (σ + pol.) for comparison. The darker-shaded
regions are for 68 % C.L., while lighter-shaded regions are for 95 % C.L. The dot (•) and the
star (?) mark in the plot are for the SM (0,0) and aTGC benchmark (0.002,0.002) points,
respectively. We note that the SM point is inside the 68 % C.L. contours even at a high
luminosity of L = 1000 fb−1 if we use only cross section as observable, see row-1 and 3
of Fig. 5.7. The distinction between the SM and the aTGC get improved when polarization
asymmetries are included, i.e., the SM point is outside the 95 % C.L. contour for luminosity
of much less thanL = 1000 fb−1, see row-2 and 4 of the figure. As the luminosity increases,
from the left column to the right, the contours for (σ + pol.) shrink around the star (?) mark
maintaining the shape of a ring giving better exclusion of the SM from aTGC benchmark.
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Polarization asymmetries are thus useful in the measurement of the anomalous couplings if
excess events are found at the LHC.
5.3 Summary
In summary, we studied anomalous triple gauge boson couplings in the neutral sector in ZZ
pair production at the LHC and investigated the role of Z boson polarizations in this chapter.
The QCD corrections in this process are very high and can not be ignored. We obtained
the cross section and the asymmetries at higher order in QCD. The aTGC contributes more
in the higher
√
sˆ region as they are momentum dependent. The major background tt¯Z +
WWZ are negligibly small, and they vanish in the signal regions. Although the asymmetries
are not as sensitive as the cross section to the couplings, the asymmetry Ax2−y2 is able to
distinguish between CP-even and CP-odd couplings. We estimated the one parameter as
well as simultaneous limits on the couplings using all the observables based on the total
χ2 for luminosities 35.9 fb−1, 150 fb−1, 300 fb−1 and 1000 fb−1. Our one parameter limits
are comparable to the best available limits obtained at the LHC [146]. The asymmetries
are instrumental in extracting the parameters should a deviation from the SM is observed
at the LHC. We performed a toy analysis of parameter extraction with a benchmark aTGC
coupling point with f Vi = 0.002 and found that the polarizations observables along with the
cross section can exclude the SM from the aTGC point better than the cross section can do
alone. In this work, the observables for the aTGC are obtained at O(αs), while they are
obtained in the next order in the SM. The NNLO result in aTGC, when available, is expected
to improve the limits on the couplings.
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The contents in this chapter are based on the published article and preprints in Refs. [118,177].
The non-abelian gauge symmetry S U(2)×U(1) of the Standard Model allows the WWV
(V = γ,Z) couplings after the electroweak symmetry breaking by the Higgs field. To test
the SM WWV couplings, one has to hypothesize BSM couplings and make sure they do not
appear at all, or they are severely constrained. There are two approaches to study BSM WWV
couplings; one is effective operator, approach another is effective form factor approach, as
discussed in section 1.3. In the EFT approach, the dimension-6 operators contributing to
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WWV couplings are [61, 62]
OWWW = Tr[WµνWνρW
µ
ρ ],
OW = (DµΦ)†Wµν(DνΦ),
OB = (DµΦ)†Bµν(DνΦ),
OW˜WW = Tr[W˜µνW
νρWµρ ],
OW˜ = (DµΦ)
†W˜µν(DνΦ), (6.0.1)
which respect the SM gauge symmetry. Among these operators, OWWW , OW and OB are
CP-even, while OW˜WW and OW˜ are CP-odd. These effective operators, after EWSB, also
provides ZZV , HZV couplings which can be examined in various processes, e.g. ZV pro-
duction, WZ production, HV production processes. The couplings in these processes may
contain some other effective operator as well.
In the form factor approach, the most general Lagrangian for the WWV couplings is
given by [64],
LWWV = igWWV
(
gV1 (W
+
µνW
−µ−W+µW−µν)Vν+ igV4 W+µ W−ν (∂µVν+∂νVµ)
− igV5 µνρσ(W+µ ∂ρW−ν −∂ρW+µ W−ν )Vσ+
λV
m2W
W+νµ W
−ρ
ν V
µ
ρ
+
λ˜V
m2W
W+νµ W
−ρ
ν V˜
µ
ρ + κ
VW+µ W
−
ν V
µν+ κ˜VW+µ W
−
ν V˜
µν
 . (6.0.2)
Here W±µν = ∂µW±ν −∂νW±µ , Vµν = ∂µVν−∂νVµ, V˜µν = 1/2µνρσVρσ, and the overall coupling
constants are defined as gWWγ = −gsinθW and gWWZ = −gcosθW , θW being the weak mixing
angle. In the SM gV1 = 1, κ
V = 1 and other couplings are zero. The anomalous part in gV1 , κ
V
would be ∆gV1 = g
V
1 −1, ∆κV = κV −1, respectively. The couplings gV1 , κV and λV are CP-even
(both C and P-even), while gV4 (odd in C, even in P), κ˜
V and λ˜V (even in C, odd in P) are
CP-odd. On the other hand gV5 is both C and P-odd making it CP-even. We note that the
coupling (cLi ) of the Lagrangian in Eq. (6.0.2) are related to the couplings of the operators in
Eq. (6.0.1) through the relations given in Eq. (1.3.13) when S U(2)×U(1) gauge invariance
is assumed.
For convenience, we label the anomalous couplings of the three scenarios as follows:
The couplings of the operators in Eq. (6.0.1), the couplings of effective vertices inLWWV in
Eq. (6.0.2) and the vertex couplings translated from the operators in Eq. (1.3.13) are labelled
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as cOi , c
L
i , and c
Lg
i , respectively. The couplings in the three scenarios are thus,
cOi = {cWWW ,cW ,cB,cW˜WW ,cW˜}, (6.0.3)
cLi = {∆gV1 ,gV4 ,gV5 ,λV , λ˜V ,∆κV , κ˜V }, V = γ,Z, (6.0.4)
cLgi = {λV , λ˜V ,∆κγ, κ˜γ,∆gZ1 ,∆κZ , κ˜Z}. (6.0.5)
In the theoretical side, these anomalous gauge boson self couplings may be obtained
from some high scale new physics such as MSSM [76–78], extra dimension [79,80], Georgi-
Machacek model [81], etc. by integrating out the heavy degrees of freedom. Some of these
couplings can also be obtained at loop level within the SM [237, 238].
There has been a lot of studies to probe the anomalous WWZ/γ couplings in the effective
operators method as well as in the effective vertex factor approach subjected to S U(2)×U(1)
invariance for various colliders: for e+-e− linear collider [64, 107–118], for Large Hadron
electron collider (LHeC) [119–121], e-γ collider [122] and for LHC [102, 114, 115, 123–
132]. Some CP-odd WWV couplings have been studied in Refs. [117,131]. Direct measure-
ment of these charged aTGC have been performed at the LEP [149–152], Tevatron [153,154],
LHC [143,155–169] and Tevatron-LHC [170]. The tightest one parameter limit obtained on
the anomalous couplings from experiments are given in Table 6.1. The tightest limits on
operator couplings (cOi ) are obtained in Ref. [167] for CP-even ones and in Ref. [157] for
CP-odd ones. These limits translated to cLgi using Eq. (1.3.13) are also given in Table 6.1.
The tightest limits on the couplings gZ4 and g
Z
5 are obtained in Ref. [150,151] considering the
Lagrangian in Eq. (6.0.2).
The W+W− production is one of the important processes to be studied at the ILC [195–
197] for precision test [207] as well as for BSM physics. This process has been studied
earlier for SM phenomenology as well as for various BSM physics with and without beam
polarization [64,208,209,219,220,239]. Here we intend to study WWV anomalous couplings
in e+e− → W+W− at √s = 500 GeV and integrated luminosity of L = 100 fb−1 using the
cross section, forward-backward asymmetry and 8 polarizations asymmetries of W− for a set
of choices of longitudinally polarized e+ and e− beams in the channel W−→ l−ν¯l (l = e,µ)1
and W+→ hadrons. The polarization of Z and W are being used widely recently for various
BSM studies [180–186] along with studies with anomalous gauge boson couplings [98, 99,
106, 149]. Recently the polarizations of W/Z has been measured in WZ production at the
1For simplicity we do not include tau decay mode as the tau decays to neutrino within the beam pipe giving
extra missing momenta affecting the reconstruction of the events.
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Table 6.1. The list of tightest limits obtained on the anomalous couplings of dimension-6 opera-
tors in Eq. (6.0.1) and effective vertices in Eq. (6.0.2) in S U(2)×U(1) gauge (except gZ4 and gZ5 )
at 95% C.L. from experiments.
cOi Limits (TeV
−2) Remark
cWWW
Λ2
[−1.58,+1.59] CMS √s = 13 TeV,L = 35.9 fb−1, S U(2)×U(1) [167]
cW
Λ2
[−2.00,+2.65] CMS [167]
cB
Λ2
[−8.78,+8.54] CMS [167]
cW˜WW
Λ2
[−11,+11] ATLAS √s = 7(8) TeV,L = 4.7(20.2) fb−1 [157]
cW˜
Λ2
[−580,580] ATLAS [157]
cLgi Limits (×10−2) Remark
λV [−0.65,+0.66] CMS [167]
∆κγ [−4.4,+6.3] CMS √s = 8 TeV,L = 19 fb−1, S U(2)×U(1) [156]
∆gZ1 [−0.61,+0.74] CMS [167]
∆κZ [−0.79,+0.82] CMS [167]
λ˜V [−4.7,+4.6] ATLAS [157]
κ˜Z [−14,−1] DELPHI (LEP2), √s = 189-209 GeV,L = 520 pb−1 [151]
cLi Limits (×10−2) Remark
gZ4 [−59,−20] DELPHI [151]
gZ5 [−16,+9.0] OPAL (LEP),
√
s = 183-209 GeV,L = 680 pb−1 [150]
LHC [240]. Besides the final state polarizations, the initial state beam polarizations at the
ILC can be used to enhance the relevant signal to background ratio [207–211]. It also has the
ability to distinguish between CP-even and CP-odd couplings [83, 85, 93, 94, 101, 207, 212–
216]. We note that an e+e− machine will run with longitudinal beam polarizations switching
between (η3, ξ3) and (−η3,−ξ3) [207], where η3(ξ3) is the longitudinal polarization of e−
( e+). For integrated luminosity of 100 fb−1, one will have half the luminosity available
for each polarization configurations. The most common observables, the cross section for
example, studied in literature with beam polarizations are the total cross section
σT (η3, ξ3) = σ(+η3,+ξ3) +σ(−η3,−ξ3) (6.0.6)
and the difference
σA(η3, ξ3) = σ(+η3,+ξ3)−σ(−η3,−ξ3). (6.0.7)
We find that combining the two opposite beam polarizations at the level of χ2 rather than
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combining them as in Eq. (6.0.6) & (6.0.7), we can constrain the anomalous couplings better
in this analysis, see Sect. 6.2.2 for explanation.
We note that there exist 64 polarization correlations [64] apart from 8 + 8 polarizations
for W+ and W−. The measurement of these correlations require identification of light quark
flavours in the above channel, which is not possible, hence we are not including polarization
correlations in our analysis. In the case of both the Ws decaying leptonicaly, there are two
missing neutrinos and reconstruction of polarization observables suffers combinatorial am-
biguity. Here we aim to work with a set of observables that can be reconstructed uniquely
and test their ability to probe the anomalous couplings including partial contribution up to
O(Λ−4)2.
6.1 Observables and effect of beam polarizations
W−α (q)
W+β (q¯)
e−(k1)
e+(k2)
νe
(a)
ρ µ
W−α (q)
W+β (q¯)
e−(k1)
e+(k2)
V ?(P )
(b)
1Figure 6.1. Feynman diagrams of e+e−→W+W−, (a) t-channel and (b) s-channel with anomalous
W+W−V (V = γ,Z) vertex contribution shown by the shaded blob.
We study W+W− production at ILC running at
√
s = 500 GeV and integrated luminosity
L = 100 fb−1 using longitudinal polarization of e− and e+ beams giving 50 fb−1 to each
choice of beam polarization. The Feynman diagrams for the process are shown in Fig. 6.1
where Fig. 6.1(a) corresponds to the νe mediated t-channel diagram and the Fig. 6.1(b) cor-
responds to the V (Z/γ) mediated s-channel diagram containing the aTGC contributions
represented by the shaded blob. The decay mode is chosen to be
W+→ qu q¯d , W−→ l− ν¯l, l = e,µ, (6.1.1)
where qu and qd are up-type and down-type quarks, respectively. We use complete set of
eight spin-1 observables of W− boson (see chapter 2) along with the production rate. Owing
2 We calculate cross section up to O(Λ−4), i.e., quadratic in dimension-6 (as linear approximation is not
valid, e.g., see appendix C.2) and linear in dimension-8 couplings choosing dimension-8 couplings to be zero
to compare our result with current LHC constraints on dimension-6 parameters [157, 167].
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to the t-channel process (Fig. 6.1a) and absence of a u-channel process, like in ZV produc-
tions in chapters 3 & 4, the W± produced are not forward-backward symmetric. We include
the forward-backward asymmetry of the W−, defined as
A f b =
1
σW+W−
[∫ 1
0
dσW+W−
d cosθW−
−
∫ 0
−1
dσW+W−
d cosθW−
]
, (6.1.2)
to the set of observables making a total of ten observables including the cross section as well.
Here θW− is the production angle of the W− w.r.t. the e− beam direction and σW+W− is the
production cross section. The asymmetries of the W− can be measured in a real collider from
the final state lepton l−. One has to calculate the asymmetries in the rest frame of W− which
require the missing ν¯l momenta to be reconstructed. At an e+ e− collider, as studied here,
reconstructing the missing ν¯l is possible because only one missing particle is involved and
no PDFs are involved, i.e., initial momentums are known. But for a collider where PDFs are
involved, reconstructing the actual missing momenta may not be possible.
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Figure 6.2. The production cross section σW+W− in pb (left-panel) and the polarization asymme-
try Ax (right-panel) in the SM as a function of longitudinal beam polarizations η3 (for e−) and ξ3
(for e+) at
√
s = 500 GeV. The asterisks mark represent the unpolarized points and the number
near it correspond to the SM values for corresponding observables with unpolarized beams.
We explore the dependence of the cross section and asymmetries on the longitudinal po-
larization η3 of e− and ξ3 of e+. In Fig. 6.2 we show the production cross section σW+W−
and Ax as a function of beam polarization as an example. The cross section decreases along
η3 = −ξ3 path from 20 pb on the left-top corner to 7.2 pb at the unpolarized point and further
to 1 pb in the right-bottom corner. This is due to the fact that the W± couples to left chiral e−
i.e., it requires e− to be negatively polarized and e+ to be positively polarized for the higher
cross section. The variation of A f b (not shown) with beam polarization is the same as the
cross section but very slow above the line η3 = ξ3. From this, we can expect that a positive
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η3 and a negative ξ3 will reduce the SM contributions to observables increasing the S/
√
B
ratio (S = signal, B = background). Some other asymmetries, like Ax, have opposite depen-
dence on the beam polarizations compared to the cross section, their modulus get reduce for
negative η3 and positive ξ3.
6.2 Probe of the anomalous couplings
V ?µ
W−α
W+β
P
q
q¯
= igWWV Γ
µαβ
V ? (P, q, q¯)
1
Figure 6.3. The WWV vertex showing anomalous contribution represented the shaded blob on
top of SM. The momentum P is incoming to the vertex, while q and q¯ are outgoing from the
vertex.
The W+W−V vertex (Fig. 6.3) for the Lagrangian in Eq. (6.0.2) for on-shell Ws would
be igWWVΓ
µαβ
V [64, 107] and it is given by,
Γ
µαβ
V = f
V
1 (q− q¯)µgαβ−
f V2
m2W
(q− q¯)µPαPβ+ f V3 (Pαgµβ−Pβgµα) + i f V4 (Pαgµβ+ Pβgµα)
+i f V5 
µαβρ(q− q¯)ρ− f V6 µαβρPρ+
f˜ V7
m2W
(
q¯αµβρσ+ qβµαρσ
)
qρq¯σ, (6.2.1)
where P,q, q¯ are the four-momenta of V,W−,W+, respectively. The momentum conventions
are shown in Fig. 6.3. The form factors fis have been obtained from the Lagrangian in
Eq. (6.0.2) using FeynRules [204] to be
f V1 = g
V
1 +
s
2m2W
λV , f V2 = λ
V , f V3 = g
V
1 + κ
V +λV ,
f V4 = g
V
4 , f
V
5 = g
V
5 , f
V
6 = κ˜
V +
1− s2m2W
 λ˜V , f˜ V7 = λ˜V . (6.2.2)
We use the vertex factors in Eq. (6.2.1) for the analytical calculation of our observables
and cross validate them numerically with MadGraph5 [190] implementation of Eq. (6.0.2).
As an example, we present two observables σW+W− and Azz for the SM (cLi = 0.0) and for a
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Table 6.2. The dependence of observables (numerators) on the form factor couplings in the form
of cLi (linear), (c
L
i )
2 (quadratic) and cLi c
L
j , i , j (interference) in the process e
+e− → W+W−.
Here, V ∈ {γ,Z}. The “X" (checkmark) represents the presence and “—" (big-dash) corresponds
to absence.
Parameters σ σ×Ax σ×Ay σ×Az σ×Axy σ×Axz σ×Ayz σ×Ax2−y2 σ×Azz σ×A f b
∆gV1 X X — X — X — X X X
gV4 — — X — X — X — — —
gV5 X X — X — X — X X X
λV X X — X — X — X X X
λ˜V — — X — X — X — — —
∆κV X X — X — X — X X X
κ˜V — — X — X — X — — —
(∆gV1 )
2 X X — — — — — X X —
(gV4 )
2 X — — — — — — X X —
(gV5 )
2 X — — — — — — X X —
(λV )2 X X — — — — — X X —
(λ˜V )2 X X — — — — — X X —
(∆κV )2 X X — — — — — X X —
(κ˜V )2 X X — — — — — X X —
∆gV1 g
V
4 — — — — — — X — — —
∆gV1 g
V
5 — — — X — — — — — X
∆gV1 λ
V X X — — — — — X X —
∆gV1 λ˜
V — — X — X — — — — —
∆gV1 ∆κ
V X X — — — — — X X —
∆gV1 κ˜
V — — X — X — — — — —
gV4 g
V
5 — — — — X — — — — —
gV4 λ
V — — — — — — X — — —
gV4 λ˜
V — — — X — X — — — X
gV4 ∆κ
V — — — — — — X — — —
gV4 κ˜
V — — — X — X — — — X
gV5 λ
V — — — X — X — — — X
gV5 λ˜
V — — — — — — X — — —
gV5 ∆κ
V — — — X — X — — — X
gV5 κ˜
V — — — — — — X — — —
λV λ˜V — — X — X — — — — —
λV∆κV X X — — — — — X X —
λV κ˜V — — X — X — — — — —
λ˜V∆κV — — X — X — — — — —
λ˜V κ˜V X X — — — — — X X —
∆κV κ˜V — — X — X — — — — —
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Figure 6.4. The cross section σ including the decays in pb (left-panel) and the asymmetry
Azz (right-panel) in the SM and aTGC with all anomalous couplings (cLi ) at 0.05 as a func-
tion of
√
s for the SM analytic (solid/blue) and aTGC analytic (dashed /green) with unpolarized
beams. The crossed (black) points and boxed (red) points with errorbars correspond to results
from MadGraph5. The errorbars are given for number of events of 104.
chosen couplings point cLi = 0.05, in Fig. 6.4. The agreement between the analytical and the
numerical calculations over a range of
√
s indicates the validity of relations in Eq. (6.2.2),
specially the s dependence of f V1 and f
V
6 .
Analytical expressions of all the observables have been obtained and their dependence
on the anomalous couplings cLi are given in Table 6.2. The CP-even couplings in CP-even
observables σ, Ax, Az, Axz, Ax2−y2 , and Azz appear in linear as well as in quadratic form
but do not appear in the CP-odd observables Ay, Axy, and Ayz. On the other hand, CP-odd
couplings appears linearly in CP-odd observables and quadratically in CP-even observables.
Thus the CP-even couplings may have a double patch in their confidence intervals leading
to asymmetric limits which will be discussed in subsection 6.2.1. The CP-odd couplings,
however, will have a single patch in their confidence intervals and will acquire symmetric
limits.
6.2.1 Sensitivity of observables on anomalous couplings and their
binning
We studied the sensitivities (see Eq. (4.2.1) for definition) of all 10 observables to all the 14
couplings of the Lagrangian in Eq. (6.0.2). We takeL = 50 fb−1 of integrated luminosity for
each of the opposite beam polarizations and systematic uncertainties of σ = 2 % for the cross
section and A = 1 % for the asymmetries as a benchmark scenario for the present analyses.
The sensitivities of all observables on gZ4 and ∆κ
γ are shown in Fig. 6.5 as representative.
Being a CP-odd coupling (either only linear or only quadratic terms present in the observ-
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ables), gZ4 has a single patch in the confidence interval, while the ∆κ
γ being a CP-even (linear
as well as quadratic terms present in the observables) has two patches in the sensitivity curve,
as noted earlier. The CP-odd observable Ay provides the tightest one parameter limit on gZ4 .
The tightest 1σ limit on ∆κγ is obtained using A f b, while at 2σ level, a combination of A f b
and Ax provide the tightest limit.
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Figure 6.5. The one parameter sensitivities of the cross section σ, A f b and 8 polarization asym-
metries (Ai) on gZ4 (left-panel) and on ∆κ
γ (right-panel) for
√
s = 500 GeV, L = 100 fb−1 with
unpolarized beams.
Here, we have a total of 14 different anomalous couplings to be measured, while we only
have 10 observables. A certain combination of large couplings may mimic the SM within the
statistical errors. To avoid these we need more number of observables to be included in the
analysis. We achieve this by dividing cosθW− into eight bins and calculate the cross section
and polarization asymmetries in all of them. In Fig. 6.6 the cross section and the polarization
asymmetries Az, Ax, and Ay are shown as a function of cosθW− for the SM and some aTGC
couplings for both polarized and unpolarized beams. The sensitivities for unpolarized SM
cases are shown in dotted (blue) lines; SM with polarization of (η3, ξ3) = (+0.6,−0.6) are
shown in dashed (black) lines. The solid (red) lines correspond to unpolarized aTGC values,
while dashed-dotted (green) lines represent polarized aTGC values of observables. For the
cross section (left-top-panel), we take ∆gγ1 to be 0.1 and all other couplings to zero for both
polarized and unpolarized beams. We see that the fractional deviation from the SM value
is larger in the most backward bin (cosθW− ∈ (−1.0,−0.75)) and gradually reduces in the
forward direction. The deviation is even larger in case of beam polarization. The sensitivity
of the cross section on ∆gγ1 is thus expected to be high in the most backward bin. For the
asymmetries Az (right-top-panel), Axz (left-bottom-panel) and Ay (right-bottom-panel), the
aTGC are assumed to be ∆κZ = 0.05, λZ = 0.05 and gZ4 = 0.05, respectively, while others are
kept at zero. The changes in the asymmetries due to aTGC are larger in the backward bins
for both polarized and unpolarized beams. We note that the asymmetries may not have the
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Figure 6.6. The cross section σ (left-top), Az (right-top), Ax (left-bottom) and Ay (right-bottom)
as a function of cosθ of W− in 8 bin for
√
s = 500 GeV. The dotted (blue) lines correspond to
the SM unpolarized values, solid (red) lines correspond to the unpolarized aTGC values, dashed
(black) lines represent the polarized SM values, and dashed-dotted (green) lines represent po-
larized aTGC values of observables. For aTGC, only one anomalous coupling has been assumed
non-zero and others kept at zero in each panel.
highest sensitivity in the most backward bin, but in some other bins. We consider the cross
section and eight polarization asymmetries in all 8 bins, i.e., we have 72 observables in our
analysis.
One parameter sensitivity of the set of 9 observables in all 8 bins to all the couplings have
been studied. We show sensitivity of Ay on gZ4 and of Az on ∆κ
γ in the 8 bin in Fig. 6.7 as rep-
resentative. The tightest limits based on sensitivity (coming from one bin) is roughly twice
as tight as compared to the unbin case in Fig. 6.5. Thus we expect simultaneous limits on
all the couplings to be tighter when using binned observables. We perform a set of MCMC
analyses with a different set of observables for different kinematical cuts with unpolarized
beams to understand their roles in providing limits on the anomalous couplings. These anal-
yses are listed in Table 6.3. The corresponding 14-dimensional rectangular volume3 made
3This volume of limit is the the volume of a 14-dimensional rectangular box bounding by the 95% BCI
projection of simultaneous limits in each coupling, which can be a measure of goodness of the benchmark beam
polarization. We computed the cross section and other asymmetries keeping term up to quadratic in couplings.
In this case, even a single observable can give a finite volume of limit and constrain all 14 couplings, which
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Figure 6.7. The one parameter sensitivities of Ax on gZ4 (left-panel) and of Az on ∆κ
γ (right-panel)
in 8 bins at
√
s = 500 GeV,L = 100 fb−1 with cθ = cosθW− with unpolarized beams.
Table 6.3. The list of analyses performed in the present work and set of observables used with
different kinematical cuts to obtain simultaneous limits on the anomalous couplings at
√
s = 500
GeV, L = 100 fb−1 with unpolarized beams. The rectangular volumes of couplings at 95% BCI
are shown in the last column for each analyses (see text for details).
Analysis name Set of observables Kinematical cut on cosθW− Volume of Limits
σ-ubinned σ cosθW− ∈ [−1.0,1.0] 4.4×10−11
Unbinned σ, A f b, Ai cosθW− ∈ [−1.0,1.0] 3.1×10−12
σ-binned σ cosθW− ∈ [m−54 , m−44 ], m = 1,2, . . . ,8 3.7×10−12
Pol.-binned Ai " 1.6×10−15
Binned σ, Ai " 5.2×10−17
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Figure 6.8. The χ2 = 4 contours in the left-panel and 95 % C.L. contours from simultaneous
analysis in the right-panel in the λγ–λZ plane using the binned cross sections (σ) alone in dotted
(black) lines, just binned polarizations asymmetries (Pol.) in dashed (blue) lines and the bin
cross section together with binned polarization asymmetries (σ + Pol.) in solid (green) lines for√
s = 500 GeV,L = 100 fb−1.
would not be possible if only terms linear in couplings were present.
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out of 95% Bayesian confidence interval on the anomalous couplings are also listed in Ta-
ble 6.3 in the last column. The simplest analysis would be to consider only the cross section
in the full cosθW− domain and perform MCMC analysis which is named as σ-ubinned.
The typical 95% limits on the parameters range from ∼ ±0.04 to ±0.25 giving the volume
of limits to be 4.4×10−11. As we have polarizations asymmetries, the straight forward anal-
ysis would be to consider all the observables for the full domain of cosθW− . This analysis
is named Unbinned where limits on anomalous couplings get constrained better reducing
the volume of limits by a factor of 10 compared to the σ-ubinned. To see how binning
improve the limits, we performed an analysis named σ-binned using only the cross section
in 8 bins. We see that the analysis σ-binned is better than the analysis σ-unbinned and
comparable to the analysis Unbinned. To see the strength of the polarization asymmetries,
we performed an analysis named Pol.-binned using just the polarization asymmetries in 8
bins. We see that this analysis is much better than the analysis σ-binned. The most natural
and complete analysis would be to consider all the observables after binning. The analysis is
named as Binned which has limits much better than any analyses. The comparison between
the analyses σ-binned, Pol.-binned and Binned is shown in Fig. 6.8 in the panel λγ–
λZ in two-parameter (left-panel) as well as in multi-parameter (right-panel) analysis using
MCMC as representative. The right-panel reflects the Table 6.3. The behaviours are same
even in the two parameter analysis (left-panel) by keeping all other parameter to zero, i.e,
the bounded region for χ2 = 4 is smaller in Pol.-binned (Pol.) than σ-binned (σ) and
smallest for Binned (σ+Pol.).
We also calculate one parameter limits on all the couplings at 95 % C.L. considering
all the binned observables with unpolarized beams in the effective vertex formalism as well
as in the effective operator approach and list them in the last column of Tables 6.4 & 6.5,
respectively for comparison. In the next subsection, we study the effect of beam polarizations
on the limits of the anomalous couplings.
6.2.2 Effect of beam polarizations to the limits on aTGC
A suitable choice of beam polarizations can enhance the signal to background ratio tighten-
ing the constraints on the aTGC. Below we discuss the comparison between various com-
binations of beam polarizations to better constrain the aTGC. After that, we see the effect
of beam polarizations in constraining the aTGC for both fixed choices and best combined
choices.
112
The probe of aTGC in e+e−→W+W− and the role of W boson polarizations along with
beam polarizations
6.2.2.a Combining beam polarization with it’s opposite values
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Figure 6.9. The χ2 = 4 contours of the unbinned cross sections σ = σ(+η3,+ξ3) in solid/green
lines, σ¯ = σ(−η3,−ξ3) in big-dashed/black lines, σT = σ(+η3,+ξ3) +σ(−η3,−ξ3) in dotted/blue
line, σA = σ(+η3,+ξ3)−σ(−η3,−ξ3) in dash-dotted/red line and the combined χ2 of σ and σ¯
in dashed/magenta lines for polarization (η3, ξ3) = (+0.6,−0.6) on λγ–λZ plane are shown in the
left-panel. The 95 % C.L. contours from simultaneous analysis in λγ–λZ plane for the beam
polarization (+0.6,−0.6), (−0.6,+0.6) and their combined one (±0.6,∓0.6) are shown in the right-
panel using all the binned observables, i.e., in Binned case. The analyses are done for
√
s = 500
GeV andL = 50 fb−1 luminosity to each beam polarization set.
To reduce the systematic errors in an analysis due to luminosity, the beam polarizations
are flipped between two opposite choices frequently giving half the total luminosity to both
the polarization choices in an e+–e− collider. One can, in principle, use the observables, e.g.,
the total cross section (σT ) or their difference (σA) as in Eqs. (6.0.6) & (6.0.7), respectively
or for the two opposite polarization choices (σ & σ¯) separately for a suitable analysis. In
this work, we do not combine the beam polarization (+η3,+ξ3) and it’s opposite (−η3,−ξ3)
at the level of observables, rather we combine them at the level of χ2 (as we did in chapter 4,
see Eq. (4.4.1)) given by,
χ2tot(±η3,±ξ3) =
∑
bin
∑
N
(
χ2
[
ON(+η3,+ξ3)
]
+χ2
[
ON(−η3,−ξ3)]) , (6.2.3)
where N runs over all the observables. This is because the later combination constrains
the couplings better than any combinations and of-course the individuals. To depict this,
we present the χ2 = 4 contours of the unbinned cross sections in Fig. 6.9 (left-panel) for
beam polarization (+0.6,−0.6) (σ) and (−0.6,+0.6) (σ¯) and the combinations σT and σA
along with the combined χ2 in the λγ–λZ plane for L = 50 fb−1 luminosity to each polar-
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ization choice as representative. A systematic error of 2% is used as a benchmark in the
cross section. The nature of the contours can be explain as follows: In the WW production,
the aTGC contributions appear only in the s-channel (see Fig. 6.1), where initial state e+e−
couples through γ/Z boson and both left and right chiral electrons contribute almost equally.
The t-channel diagram, however, is pure background and receives contribution only from
left chiral electrons. As a result the σ¯ (big-dashed/black) contains more background than
σ (solid/green) leading to a weaker limit on the couplings. Further, inclusion of σ¯ into σT
(dotted/blue) and σA (dashed-dotted/red) reduces the signal to background ratio and hence
they are less sensitive to the couplings. The total χ2 for the combined beam polarizations
shown in dashed (magenta) is, of course, the best to constrain the couplings. This behaviour
is reverified with the simultaneous analysis using the binned cross sections and polarization
asymmetries (72 observables in the Binned case) and shown in Fig. 6.9 (right-panel) in
the same λγ–λZ plane showing the 95 % C.L. contours for beam polarizations (+0.6,−0.6),
(−0.6,+0.6), and their combinations (±0.6,∓0.6). Thus we choose to combine the oppo-
site beam polarization choices at the level of χ2 rather than combining them at the level of
observables.
6.2.2.b Case of fixed beam polarizations
Although, we will have data for two opposite choice of beam polarizations, we first inves-
tigate how the fixed beam polarizations of various amplitudes affect the limits. We esti-
mate simultaneous limits on all the 14 (independent) anomalous couplings cLi using MCMC
method in the Binned case for five different set of fixed choices of beam polarizations (η3, ξ3)
namely (−0.8,+0.8), (−0.4,+0.4), (0.0,+0.0), (+0.4,−0.4) and (+0.8,−0.8). We choose the
cross-diagonal choices as they provide optimal result for the cross section. The cross section
depending on beam polarizations can be expressed as,
σ(η3, ξ3) = (1 +η3)(1− ξ3)14σR + (1−η3)(1 + ξ3)
1
4
σL
= (1−η3ξ3)14(σR +σL) + (η3− ξ3)
1
4
(σR−σL), (6.2.4)
where σR denotes the eR annihilation cross section, while σL is that for eL annihilation cross
section. Thus, the η3 = −ξ3 polarizations will give optimal result for the cross section. The
95 % BCI limits on the couplings cLi are shown in Fig. 6.10 for the above choices of beam
polarizations. We observe that the limits on anomalous couplings are tightest for the beam
polarization (+0.4,−0.4). We estimate simultaneous limits on the couplings on several other
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polarization points along η3 = −ξ3 direction and find the (+0.4,−0.4) polarization to be the
best to provide tightest limits. The correlations among the parameters are also studied in
this case. In Fig. 6.11, we show the 95 % C.L. contours from simultaneous analysis in λγ–
λZ plane (left-panel) and ∆κγ–∆κZ plane (right-panel) for the set of fixed choices of beam
polarizations. We see that, (−0.8,+0.8) and (+0.8,−0.8) polarizations give orthogonal con-
tours with maximal correlation and anti-correlation, respectively in both planes much like
seen in Fig. 6.9. In the ∆κγ–∆κZ plane, we see an interesting case: An elliptical contour
for beam polarization of (−0.8,+0.8) (dotted/black) breaks into two disconnected regions for
(+0.4,−0.4) (solid/green) and then these disconnected regions grow in size for (+0.8,−0.8)
(dashed/purple). The contours for beam polarization (+0.4,−0.4) are tighter and less corre-
lated. The results and conclusions differs when two opposite choice of beam polarizations
are considered, which are discussed below.
6.2.2.c Case of beam polarization combined with their flipped values
Here, we perform MCMC analysis to estimated simultaneous limits on the couplings of both
form factors and effective operators for beam polarizations combined with their opposite
values. We perform the analysis for beam polarizations of (η3, ξ3) to be (0,0), (+0.2,−0.2),
(+0.4,−0.4), (+0.6,−0.6), (+0.8,−0.6), (+0.8,−0.8) combined with their opposite values us-
ing the χ2 given in Eq. (6.2.3). The 95 % BCI simultaneous limits for the chosen set of beam
polarizations combined according to Eq. (6.2.3) are shown in Table 6.4 for effective vertex
formalism (cLi ) and in Table 6.5 for effective operator approach (c
O
i ). The corresponding
translated limits to the vertex factor couplings cLgi are also shown in the Table 6.5. While
presenting limits, the following notations are used:
high
low ≡ [low,high]
with low being lower limit and high being upper limit. A pictorial visualization of the limits
shown in Table 6.4 & and 6.5 is given in Fig. 6.12 for the easy comparisons. The limits on
the couplings get tighter as the amplitude of beam polarizations are increased along η3 = −ξ3
path and become tightest at the extreme beam polarization (±0.8,∓0.8). However, the choice
(±0.8,∓0.6) is best to put constraints on the couplings within the technological reach [241,
242].
To show the effect of beam polarizations, the marginalised 1D projections for the cou-
plings λγ, ∆gZ1 and ∆κ
Z as well as 2D projections at 95 % C.L. on λγ–λZ , ∆gZ1 –κ˜
Z and ∆κγ–
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Figure 6.12. The pictorial visualisation of 95 % BCI limits (a) : on the anomalous couplings cLi
in the left-panel, (b) : on cOi in the right-top-panel and (c) : on c
Lg
i in the right-bottom-panel for√
s = 500 GeV, L = 100 fb−1 using the binned observables. The numerical values of the limits
can be read of in Tables 6.4 & 6.5.
∆κZ planes are shown in Fig. 6.13 for form factors (cLi ) as representative. We observe that as
the amplitude of beam polarizations are increased from (0,0) to (±0.8,∓0.8), the contours get
smaller centred around the SM values in the 2D projections which are reflected in the 1D pro-
jections as well. In the ∆κγ–∆κZ plane, the contour gets divided into two parts at (±0.4,∓0.4)
and then become one single contour later centred around the SM values. In the case of ef-
fective operators (cOi ), all the 1D and 2D (95 % C.L.) projections after marginalization are
shown in Fig. 6.14. In this case the couplings cW and cB has two patches up-to beam polar-
ization (±0.2,∓0.2) and become one single patch starting at beam polarization (±0.3,∓0.3)
centred around the SM values. As the amplitude of beam polarizations are increased along
the η3 = −ξ3 line, the measurement of the anomalous couplings gets improved. The set of
beam polarizations chosen here are mostly along the η3 = −ξ3 line, but some choices off to
the line might provide the same results. A discussion on the choice of beam polarization is
given in the next subsection.
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Figure 6.13. The marginalised 1D projections for the couplings λγ, ∆gZ1 and ∆κ
Z in the top-panel
and 2D projection at 95 % C.L. on λγ–λZ , ∆gZ1 –κ˜
Z and ∆κγ–∆κZ planes in bottom-panel from
MCMC for a set of choice of beam polarizations are shown for
√
s = 500 GeV, L = 100 fb−1
using the binned observables in the effective vertex formalism. The legend labels are same as in
Figs. 6.12 & 6.14.
6.2.3 On the choice of beam polarizations
In the previous subsection, we found that the beam polarization choice (±η3,±ξ3) = (±0.8,±0.6)
is the best choice of beam polarizations to provide simultaneous limits on the anomalous cou-
plings obtained by MCMC analysis. Here, we discuss the average likelihood or the weighted
volume of the parameter space defined as [99],
L(V ~f ;η3, ξ3) =
∫
V ~f
exp
[
−1
2
χ2tot( ~f ,η3, ξ3)
]
d ~f (6.2.5)
to cross-examine the beam polarization choices made in the previous section, as we did
in section 4.3 for ZV production. Here ~f is the couplings vector and V ~f is the volume of
parameter space over which the average is done; L(V ~f ;η3, ξ3) corresponds to the volume
of the parameter space that is statistically consistent with the SM . One naively expects the
limits to be tightest when L(V ~f ;η3, ξ3) is minimum. We calculate the above quantity as a
function of (±η3,±ξ3) for Binned case in the effective vertex formalism given in Lagrangian
in Eq. (6.0.2) and present it in Fig. 6.15. As the opposite beam polarizations are combined,
only the half-portion are shown in the η3–ξ3 plane. The dot (•) points along the η3 = −ξ3 are
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Figure 6.14. All the marginalised 1D projections and 2D projections at 95 % C.L. from MCMC
in triangular array for the effective operators (TeV−2) for a set of choice of beam polarizations for√
s = 500 GeV,L = 100 fb−1 using the binned observables.
the chosen choices of beam polarizations for the MCMC analysis. We see that the average
likelihood decreases along η3 = −ξ3 line while it increases along η3 = ξ3 line. The constant
lines or contours of average likelihood in the figure imply that any beam polarizations along
the lines/contours will provide the similar shape of 1D and 2D projections of couplings and
their limits. For example, the point (±0.8,∓0.6) is equivalent to the point (±0.7,∓0.7) as
well as (±0.6,±0.8) roughly in providing simultaneous limits which are verified from the
limits obtained by MCMC analysis. It is clear that the polarization (±0.8,∓0.6) is indeed the
best choice to provide simultaneous limits on the anomalous couplings within the achievable
range.
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Figure 6.15. The averaged likelihood LAv = L(V ~f ;η3, ξ3) in log scale as a function of (±η3,±ξ3)
in the effective vertex formalism for
√
s = 500 GeV,L = 100 fb−1.
6.3 Summary
In summary, here, we studied the anomalous triple gauge boson couplings in e+e−→W+W−
with longitudinally polarized beams using W boson polarization observables together with
the total cross section and the forward-backward asymmetry for
√
s = 500 GeV and lumi-
nosity of L = 100 fb−1. We estimated simultaneous limits on all the couplings for several
chosen set of beam polarizations in both effective vertex formalism and effective operator ap-
proach. The limits on the couplings are tighter when S U(2)×U(1) symmetry is assumed. We
showed the consistency between the best choice of beam polarizations and minimum likeli-
hood averaged over the anomalous couplings. The extreme beam polarization (±0.8,∓0.8)
appears to be the best to provide the tightest constraint on the anomalous couplings in both
approaches at the ILC (same as obtained for e+e−→ ZV in Chapter 4). Our one parameter
limits with unpolarized beams and simultaneous limits for best polarization choice are much
better than the one parameter limits available from experiment, see Table 6.5.
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The contents in this chapter are based on the published article in Ref. [178].
In the previous chapter, the polarization asymmetries are shown to give promising results
in probing the aTGC in the charge sector in a future e+-e− collider. In this chapter, we
want to probe the aTGC in the charge sector at the current hadron collider LHC in the W±Z
production processes in 3l + ET channel. The anomalous couplings appearing in the W±Z
production at the LHC are
LWWZ = igWWZ
[ (
1 +∆gZ1
)
(W+µνW
−µ−W+µW−µν)Zν+
λZ
m2W
W+νµ W
−ρ
ν Z
µ
ρ
+
λ˜Z
m2W
W+νµ W
−ρ
ν Z˜
µ
ρ +
(
1 +∆κZ
)
W+µ W
−
ν Z
µν+ κ˜ZW+µ W
−
ν Z˜
µν
]
(7.0.1)
containing half (7) the couplings of the full WWV Lagrangian in Eq. (6.0.2). There has been
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a lot of studies of these aTGC at the LHC [102, 114, 115, 123–132] in different perspective.
Direct measurement of these aTGC at the LHC [143,155–169] are also available in different
processes using the cross sections with various kinematical cuts. Our aim, here, is to study
these WWZ anomalous couplings in ZW± production at the LHC at
√
s = 13 TeV using the
cross section, forward backward asymmetry and polarizations asymmetries of Z and W± in
the 3l + ET channel. In addition to the vertex form factor in Eq. (7.0.1), we will also probe
the effective dimension-6 operators given in Eq. (6.0.2) independently. Similar to the study
in the previous chapter, we see the modification of the form factors in Eq. (7.0.1) subjected
to S U(2)×U(1) gauge invariance through relations given in Eq. (1.3.13). The polarizations
of W±/Z has been estimated earlier in the same process ZW± production that we are looking
at [243–245] and also has been measured recently at the LHC [240] in the SM.
The W±Z process in 3l + ET channel has got quite a bit of attention recently for having
excess at the LHC [169]. This has been looked as an anomaly and has been addressed in
terms of two BSM scalar [246]. This final state is also important for various BSM searches,
including supersymmetry and dark matter.
7.1 Signal cross sections and their sensitivity to anoma-
lous couplings
The process of interest is the ZW± production in the 3l + ET channel at the LHC. The rep-
resentative Feynman diagrams at Born level are displayed in Fig. 7.1 containing doubly-
resonant processes (upper-row) as well as singly-resonant processes (lower-row). The pres-
ence of anomalous WWZ couplings is shown by the shaded blob. While this may contain
the WWγ couplings due to the off-shell γ, this has been cut out by Z selection cuts, de-
scribed later. The leading order result (148.4 fb estimated by MATRIX in Ref. [247]) for
the 3l + ET cross section at the LHC is way below the measured cross section at the LHC
(258 fb measured by CMS [248]). Higher-order corrections are thus necessary to add to
the tree level result. The NLO corrections in QCD appear in the vertices connected to the
quarks (see, Fig. 7.1) with either QCD loops or QCD radiations from the quarks. The SM
cross sections of ZW± production in the e+e−µ± channel obtained by MATRIX and Mad-
Graph5_aMC@NLO v2.6.4 (mg5_aMC) for
√
s = 13 TeV for the CMS fiducial phase-phase
region are presented in the Table 7.1. The CMS fiducial phase-phase region [248] is given
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Figure 7.1. Sample of Born level Feynman diagrams for ZW+ production in the e+e−µ+νµ
channel at the LHC. The diagrams for ZW− can be obtained by charge conjugation. The shaded
blob represents the presence of anomalous WWV couplings on top of SM.
by,
pT (lZ,1) > 20 GeV, pT (lZ,2) > 10 GeV, pT (lW) > 20 GeV,
|ηl| < 2.5, 60 GeV < ml+Z l−Z < 120 GeV, ml+l− > 4 GeV. (7.1.1)
We use the values of the SM input parameters same as used in Ref. [247] (default in MATRIX).
A fixed renormalization (µR) and factorization (µF) scale of µR = µF = µ0 = 12 (mZ + mW) is
used and the uncertainties are estimated by varying the µR and µF in the range of 0.5µ0 ≤
µR,µF ≤ 2µ0 and shown in Table 7.1. We use the NNPDF3.0 sets of parton distribution
functions (PDFs) with αs(mZ) for our calculations. The combined result for all leptonic
Table 7.1. The theoretical estimates and experimental measurements of the cross sections of
ZW± productions in the e+e−µ±νµ/ν¯µ channel at
√
s = 13 TeV at the LHC for CMS fiducial
phase-space. The uncertainties in the theoretical estimates are due to scale variation.
Process Obtained at σLO (fb) σNLO (fb) σNNLO (fb)
pp→ e+e−µ+νµ
MATRIX 22.08+5.2%−6.2% 43.95
+5.4%
−4.3% 48.55
+2.2%
−2.0%
mg5_aMC 22.02+6.1%−7.2% 43.63
+6.6%
−6.6% ——
pp→ e+e−µ−ν¯µ
MATRIX 14.45+5.6%−6.7% 30.04
+5.6%
−4.5% 33.39
+2.3%
−2.1%
mg5_aMC 14.38+6.4%−7.6% 29.85
+6.8%
−6.8% ——
pp→ 3l + ET MATRIX [247] 148.4+5.4%−6.4% 301.4+5.1%−4.4% 334.3+2.3%−2.1%
pp→ 3l + ET CMS [248] 258.0±8.1% (stat)+7:4%−7.7% (syst)±3.1 (lumi)
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Figure 7.2. The differential distributions of m3l (top-row) and pT (Z) (bottom-row) in the ZW+
(left-column) and ZW− (right-column) production in the e+e−µ± + ET channel at the LHC for√
s = 13 TeV at LO, NLO and NNLO obtained using MATRIX [229–234,247,249] for CMS fiducial
phase-space.
channel given in Ref. [247] and the measured cross section by CMS [248] are also presented
in the same table. The uncertainties in the theoretical estimates are due to scale variation.
The result obtained by MATRIX and mg5_aMC matches quite well at both LO and NLO level.
The NLO corrections have increased the LO cross section by up to 100 %, and the NNLO
cross section is further increased by 10 % from the NLO value. It is thus necessary to
include QCD corrections to leading order result. The higher order corrections to the cross
section vary with kinematical variable like m3l and pT (Z), as shown in Fig. 7.2 obtained by
MATRIX [229–234,247,249]. The lower panels display the respective bin-by-bin ratios to the
NLO central predictions. The NLO to LO ratio does not appear to be constant over the range
of m3l and pT (Z). Thus a simple k-factor with LO events can not be used as a proxy for NLO
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events. We use results from mg5_aMC with NLO QCD corrections for our analysis in the rest
of the paper. However, the SM values (Table 7.1) and distributions (Fig. 7.2) at LO and NLO
in QCD are kept for completeness.
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Figure 7.3. The differential distributions of m3l and pT (Z) in the W+Z production in the e+e−µ+νµ
channel at the LHC at
√
s = 13 TeV and L = 35.9 fb−1 at NLO in the SM and five benchmark
anomalous couplings.
The signal for the e+e−µ+ and e+e−µ− are generated separately using mg5_aMC at NLO in
QCD for SM as well as SM including aTGC. We use the FeynRules [204] to generate QCD
NLO UFO model of the Lagrangian in Eq. (7.0.1) for mg5_aMC. These signal are then used
as a proxy for the 3l+ ET final state upto a factor of four for the four channels. For these, the
pT cut for e± and µ± are kept at the same value, i.e., pT (l) > 10 GeV. We use a threshold for
the trilepton invariant mass (m3l) of 100 GeV to select the doubly resonant contribution of
trilepton final state. We will see later that lower cuts of m3l higher than 100 GeV are required
for best sensitivity to the anomalous couplings. The event selection cuts for this analysis are
thus,
pT (l) > 10 GeV, |ηl| < 2.5, 60 GeV < ml+Z l−Z < 120 GeV, ml+l− > 4 GeV, m3l > 100 GeV.
(7.1.2)
We explore the effect of aTGC in the distributions of m3l and pT (Z) in both ZW+ and
ZW− production and show them in Fig. 7.3. The distribution of m3l in the left-panel and
pT (Z) in the right-panel in the e+e−µ+νµ channel are shown for SM (filled/green) and five
anomalous benchmark couplings of ∆gZ1 = −0.02 (solid/black), λZ = +0.01 (dashed/blue),
∆κZ = +0.2 (dotted/red), λ˜Z = +0.01 (dash-dotted/orange) and κ˜Z = +0.2 (dashed-dotdotted/
magenta) with events normalised to an integrated luminosity of L = 35.9 fb−1. For each
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Figure 7.4. The sensitivity of cross sections to the five benchmark aTGC as a function of the
lower cut on m3l and pT (Z) in the ZW± production at the LHC at
√
s = 13 TeV and L = 35.9
fb−1.
of the benchmark couplings, only one of the couplings get non-zero value at a time while
others remain zero. More benchmark scenarios with more than one parameters getting non-
zero values at a time are considered for the comparison of reconstructed neutrino solutions in
section 7.2. The higher m3l and higher pT (Z) seems to have higher sensitivity to the anoma-
lous couplings which is due to higher momentum transfer at higher energies, for example
see Ref. [118]. We studied the sensitivities (see Eq. (3.1.16) of the cross sections to the
anomalous couplings by varying lower cuts on m3l and pT (Z) for the above mentioned five
benchmark scenarios. The sensitivity of the cross sections, ignoring the systematic uncer-
tainty, for the five benchmark cases (as used in Fig. 7.3) are shown in Fig. 7.4 for ZW+ in
the upper-row and for ZW− in the lower-row as a function of lower cut of m3l (left-column)
and pT (Z) (right-column) for luminosity of L = 35.9 fb−1. It is clear that the sensitivities
increase as the cut increases for both m3l and pT (Z) for couplings ∆gZ1 , λ
Z and λ˜Z , while they
decrease just after ∼ 150 GeV of cuts for the couplings ∆κZ and κ˜Z . This can also be seen
in Fig. 7.3 where ∆κZ and κ˜Z contribute more than other three couplings for m3l < 0.8 TeV
and pT (Z) < 0.6 TeV. Taking hints from Fig. 7.4, we identify four bins in m3l-pT (Z) plane to
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Table 7.2. The sensitivity of the cross sections on the five benchmark aTGC in the four bins (see
Eq. (7.1.3)) of m3l and pT (Z) in the ZW± productions at the LHC at
√
s = 13 TeV and L = 35.9
fb−1.
ZW+ ZW−
aTGC Bin11 Bin12 Bin21 Bin22 Bin11 Bin12 Bin21 Bin22
∆gZ1 = −0.02 1.17 1.14 7.52 44.5 0.32 2.10 3.95 23.19
λZ = 0.01 3.08 5.37 6.08 26.2 1.58 2.63 3.32 13.68
∆κZ = 0.2 8.52 0.50 3.28 4.87 5.01 0.15 1.64 2.40
λ˜Z = 0.01 3.20 5.56 6.18 27.2 1.70 2.69 3.37 13.83
κ˜Z = 0.2 6.50 0.60 3.15 4.89 3.86 0.22 1.65 2.36
maximize the sensitivity of all the couplings. These four bins are given by,
Bin11 : 400 GeV < m3l < 1500 GeV, 200 GeV < pT (Z) < 1200 GeV,
Bin12 : 400 GeV < m3l < 1500 GeV, pT (Z) > 1200 GeV,
Bin21 : m3l > 1500 GeV, 200 GeV < pT (Z) < 1200 GeV,
Bin22 : m3l > 1500 GeV, pT (Z) > 1200 GeV. (7.1.3)
The sensitivities of the cross sections to the benchmark anomalous couplings are calculated
in the said four bins for luminosity of L = 35.9 fb−1 and they are shown in Table 7.2 in
both ZW+ and ZW− productions. As expected, we see that Bin22 has the higher sensitivity
to couplings ∆gZ1 , λ
Z and λ˜Z , while Bin11 has higher, but comparable sensitivity to couplings
∆κZ and κ˜Z . The simultaneous cuts on both the variable have increased the sensitivity by a
significant amount as compared to the individual cuts. For example, the Fig. 7.4 shows that
cross section in ZW+ has a maximum sensitivity of 15 and 22 on ∆gZ1 = −0.02 for individual
m3l and pT (Z) lower cuts, respectively. While imposing a simultaneous lower cuts on both
the variable, the same sensitivity increases to 44.5 (in Bin22).
At the LHC, the other contributions to the 3l + ET channel come from the production
of ZZ, Zγ, Z + j, tt¯, Wt, WW + j, tt¯ + V , tZ, VVV as has been studied by CMS [169, 248]
and ATLAS [240, 250]. The total non-WZ contributions listed above is about 40 % of the
WZ contributions [248]. We include these extra contributions to the cross sections while
estimating limits on the anomalous couplings in Sect. 7.3.
130
The probe of aTGC in W±Z productions at the LHC and the role of Z/W boson
polarizations
7.2 The asymmetries
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Figure 7.5. The sensitivity of the asymmetry A∆φ on the five benchmark aTGC as a function of
the lower cut on pT (Z) in the ZW± productions at the LHC at
√
s = 13 TeV and L = 35.9 fb−1.
The legend labels are same as in Fig. 7.4.
We use the polarization asymmetries of Z and W in each W+Z and W−Z processes,
i.e, 4× 8 = 32 polarization asymmetries along with the cross sections in four bins. Beside
these, the Z and the W± boson produced in the ZW± production are not forward backward
symmetric owing to only a t-channel diagram and not having an u-channel diagram (see
Fig. 7.1). These provide an extra observable, the forward-backward asymmetry defined as,
AVf b =
σ(cosθV > 0)−σ(cosθV < 0)
σ(cosθV > 0) +σ(cosθV < 0)
, (7.2.1)
θV is the production angle of the V w.r.t. the colliding quark-direction. One more angular
variable sensitive to aTGC is the angular separation of the lepton lW from W± and the Z in
the transverse plane, i.e,
∆φ(lW ,Z) = cos−1
(
~pT (lW).~pT (Z)
pT (lW)pT (Z)
)
. (7.2.2)
One can construct an asymmetry based on the ∆φ as,
A∆φ =
σ (cos(∆φ(lW ,Z)) > 0)−σ (cos(∆φ(lW ,Z)) < 0)
σ (cos(∆φ(lW ,Z)) > 0) +σ (cos(∆φ(lW ,Z)) < 0)
. (7.2.3)
The sensitivities of A∆φ to the five benchmark aTGC are shown in Fig. 7.5 as a function of
lower cuts on pT (Z) in both ZW± for luminosity of L = 35.9 fb−1. A choice of pT (Z)low =
300 GeV appears to be an optimal choice for sensitivity for all the couplings. The m3l cut,
however, reduces the sensitivities to all the aTGC.
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To construct the asymmetries, we need to set a reference frame and assign the leptons to
the correct mother spin-1 particle. For the present process with missing neutrino, we face a
set of challenges in constructing the asymmetries. These are discussed below.
Selecting Z candidate leptons The Z boson momentum is required to be reconstructed to
obtain all the asymmetries which require the right pairing of the Z boson leptons l+Z and l
−
Z .
Although the opposite flavour channels e+e−µ±/µ+µ−e± are safe, the same flavour channels
e+e−e±/µ+µ−µ± suffer ambiguity to select the right Z boson candidate leptons. The right
paring of leptons for the Z boson in the same flavoured channel is possible with ≥ 96.5 %
accuracy for m3l > 100 GeV and ≥ 99.8 % accuracy for m3l > 550 GeV in both SM and
benchmark aTGC by requiring a smaller value of |mZ −ml+l− |. This small miss pairing is
neglected to use the 2eµνµ channel as a proxy for a 3l + ET final state with good enough
accuracy.
The reconstruction of neutrino momentum The other major issue is to obtain the asym-
metries related to W± bosons, which require to reconstruct their momenta. As the neutrino
from W± goes missing, reconstruction of W± boson momenta is possible with a two-fold
ambiguity using the transverse missing energy pT/ET and the on-shell W mass (mW) con-
strain. The two solutions for the longitudinal momentum of the missing neutrino are given
by,
pz(ν)± =
−βpz(lW)±E(lW)
√
D
p2T (lW)
(7.2.4)
with
D = β2− p2T (ν)p2T (lW) , β = m2W + px(lW)px(ν) + py(lW)py(ν). (7.2.5)
Because the W is not produced on-shell all the time, among the two solutions of neu-
trino’s longitudinal momenta, one of them will be closer to the true value, and another will
be far from the true value. There are no suitable selector or discriminator to select the correct
solution from the two solutions. Even if we substitute the Monte-Carlo truth mW to solve for
pz(ν) we don’t have any discriminator to distinguish between the two solutions pz(ν)±. The
smaller value of |pz(ν)| corresponds to the correct solution only for ≈ 65% times on average
in ZW+ and little lower in ZW− production. One more discriminator which is ||βZ |− |βW ||, the
smaller value of this can choose the correct solution a little over the boundary, i.e., ≈ 55%.
We have tried machine-learning approaches (artificial neural network) to select the correct
solutions, but the accuracy was not better than 65%. In some cases, we have D < 0 with the
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on-shell W, for these cases either one can throw those events (which affects the distribution
and statistics) or one can vary the mW from its central value to have D > 0. Here, we follow
the later. So, as the best available option, we choose the smaller value of |pz(ν)| to be the
correct solution to reconstruct the W boson momenta. At this point, it becomes important to
explore the effect of reconstruction on asymmetries and their sensitivities to aTGC. To this
end, we consider three scenarios:
Abs. True The first thing is to use the Monte-Carlo truth events and estimate the asym-
metries in the lab frame. The observables in this scenario are directly related to the
dynamics up to a rotation of frame [173, 188, 189].
Reco. True Using the pole mass of W in Eq. (7.2.5) and choosing the solution closer to the
Monte-Carlo true value is the best that one can do in reconstruction. The goal of any
reconstruction algorithm would be to become as close to this scenario as possible.
Small |pz(ν)| This choice is a best available realistic algorithm which we will be using for
the analysis.
The values of reconstructed asymmetries and hence polarizations get shifted from Abs. True
case. In case of Reco. True, the shifts are roughly constant, while in case of Small |pz(ν)|,
the shifts are not constant over varying lower cut on m3l and pT (Z) due to the 35 % wrong
choice. It is, thus, expected that the reconstructed sensitivities to aTGC remain same in
Reco. True and change in Small |pz(ν)| case when compared to the Abs. True case. In the
Small |pz(ν)| reconstruction case, sensitivities of some asymmetries to aTGC are less than
that of the Abs. True case, while they are higher for some other asymmetries. This is il-
lustrated in Fig. 7.6 (top-row) comparing the sensitivity of some polarization asymmetries,
e.g., Ay to κ˜Z = +0.2 in cross (×) points, Az to ∆gZ1 = −0.02 in square ( ) points, and Azz
to ∆κZ = +0.2 in circular () points for the three scenarios of Abs. True (solid/blue line),
Reco. True (dotted/red) and Small |pz(ν)| (dash-dotted/blue) for varying lower cuts on pT (Z)
and m3l in ZW+ production with a luminosity ofL = 100 fb−1. The sensitivities are roughly
same for Abs. True and Reco. True reconstruction in all asymmetries for both pT (Z) and
m3l cuts. In the Small |pz(ν)| reconstruction case, sensitivity is smaller for Azz; higher for
Ay; and it depends on cut for Az when compared to the Abs. True case. When all the W
asymmetries are combined, the total χ2 is higher in the Small |pz(ν)| case compared to the
Reco. True case for about 100 chosen benchmark point, see Fig. 7.6 (bottom-panel). Here,
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Figure 7.6. The sensitivity of some polarization asymmetries of W+ (ZW+) on some benchmark
aTGC for three scenarios: with absolute truth (Abs. True) information of neutrino in solid/blue
lines, with the close to true reconstructed solution of neutrino (Reco. True) in dotted/red lines
and with the smaller |pz(ν)| to be the true solution (Small |pz(ν)|) in dash-dotted/blue lines as a
function of the lower cut on pT (Z) (top-left-panel) and m3l (top-right-panel) at
√
s = 13 TeV and
L = 100 fb−1. The scatter plot of the total χ2 for about 100 aTGC points using all the asymmetries
of W± for Reco. True in x-axis with Small |pz(ν)| in y-axis is shown in the bottom-panel.
a total χ2 of all the asymmetries of W (AWi ) for a benchmark point ({ci}) is given by,
χ2(AWi )({ci}) =
N=9∑
j
(
S AWj ({ci})
)2
. (7.2.6)
The said increment of χ2 is observed in both W+Z ( /blue) and W−Z (/red) production
processes. So even if we are not able to reconstruct the W and hence it’s polarization observ-
ables correctly, realistic effects end up enhancing the overall sensitivity of the observables to
the aTGC.
Reference z-axis for polarizations The other challenge to obtain the polarization of V is
that one needs a reference axis (z-axis) to get the momentum direction of V , which is not
possible at the LHC as it is a symmetric collider. Thus, for the asymmetries related to Z
boson, we consider the direction of total visible longitudinal momenta as an unambiguous
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choice for positive z-axis. For the case of W, the direction of reconstructed boost is used as
a proxy for the positive z-axis. The latter choice is inspired by the fact that in q′q¯ fusion the
quark is supposed to have larger momentum than the anti-quark at the LHC, thus the above
proxy could stand statistically for the direction of the quark direction.
List of observables The set of observables used in this analysis are,
σi : The cross sections in four bins (4),
AZpol : Eight polarization asymmetries of Z (8),
AZf b : Forward backward asymmetry of Z (1),
A∆φ : Azimuthal asymmetry (1),
AWpol : Eight polarization asymmetries of reconstructed W (8),
AWf b : Forward backward asymmetry of reconstructed W
1 (1),
which make a total of N(O) = (4 + 8 + 1 + 1 + 8 + 1)× 2 = 46 observables including both
processes. All the asymmetry from Z side and all the asymmetries from W side are termed
as AZi and A
W
i , respectively for latter uses. The total χ
2 for all observables would be the
quadratic sum of sensitivities (Eq. (3.1.16)) given by,
χ2tot(ci) =
N=46∑
j
(
SO j(ci)
)2
. (7.2.7)
We use these set of observables in some chosen kinematical region to obtain limits on aTGC
in the next section.
7.3 Probe of the anomalous couplings
We studied the sensitivities of all the (N(O) = 46) observables for varying lower cuts on m3l
and pT (Z) separately as well as simultaneously (grid scan in the step of 50 GeV in each
direction) for the chosen benchmark anomalous couplings. The maximum sensitivities are
observed for simultaneous lower cuts on m3l and pT (Z) given in Table 7.3 for all the asym-
metries in both ZW± processes. Some of these cuts can be realised from Fig. 7.5 & 7.6.
1We note that the forward backward asymmetry of Z and W are ideally the same in the CM frame. However,
since we measure the Z and W cosθ w.r.t. different quantity, i.e., visible pz for Z and reconstructed boost for
W, they are practically different and we use them as two independent observables.
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Table 7.3. The list of optimized lower cuts (opt.cut) on (m3l,pT (Z)) for various asymmetries
to maximize the sensitivity to the anomalous couplings.
O Z in ZW+ Z in ZW− W± in ZW±
Ax (200,100) (100,150) (250,0)
Ay (150,100) (100,100) ”
Az (550,50) (100,250) ”
Axy (150,100) (150,100) ”
Axz (150,0) (200,50) ”
Ayz (100,50) (100,0) ”
Ax2−y2 (400,150) (300,100) ”
Azz (550,0) (300,400) ”
A f b (300,0) (550,0) ”
ZW+ ZW−
A∆φ (100,300) (100,300)
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Figure 7.7. The χ2 = 4 contours are shown in the ∆κZ–κ˜Z plane with different asymmetries and
their combinations in the left-panel, various combinations of the cross sections and asymmetries
in the right-panel for
√
s = 13 TeV and L = 100 fb−1. The contour for A∆φ + AZi + A
W
i (thick-
solid/black line ) is repeated in both panel for comparison.
The SM values of the asymmetries of Z and W and their corresponding polarizations for the
selection cuts (sel.cut in Eq. (7.1.2)) and for the optimized cuts (opt.cut in Table 7.3)
are listed in Table E.1 in appendix E.1 for completeness. We use the cross sections in the
four bins and all asymmetries with the optimized cuts to obtain limits on the anomalous
couplings for both effective vertices and effective operators. We use the semi-analytical ex-
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pressions for the observables fitted with the simulated data from mg5_aMC. The details of the
fitting procedures are described in appendix E.2. The uncertainty on the cross sections and
asymmetries are taken as σ = 20 % and A = 2 %, respectively consistent with the analysis
by CMS [248] and ATLAS [240]. We note that these uncertainties are not considered in the
previous sections for qualitative analysis and optimization of cuts.
The sensitivities of all the observables to the aTGC are studied by varying one-parameter,
two-parameter and all-parameter at a time in the optimized cut region. We look at the
χ2 = 4 contours in the ∆κZ-κ˜Z plane for a luminosity of L = 100 fb−1 for various combi-
nations of asymmetries and cross sections and show them in Fig. 7.7. We observe that the
Z-asymmetries (AZi ) are weaker than the W-asymmetries (A
W
i ); A
W
i provides very symmetric
limits, while AZi has a sense of directionality. The A∆φ is better than both A
Z
i and A
W
i in
most of the directions in ∆κZ-κ˜Z plane. After combining AZi , A
W
i and A∆φ, we get a tighter
contours; but the shape is dictated by A∆φ. We see (Fig. 7.7 right-panel) that the cross sec-
tions have higher sensitivities compared to the asymmetries to the aTGC. The cross sections
dominate constraining the couplings, while the contribution from the asymmetries remain
sub-dominant at best. Although the directional constraints provided by the asymmetries get
washed way when combined with the cross sections, they are expected to remain prominent
to extract non-zero couplings should a deviation from the SM be observed. This possibility
is discussed in the subsection 7.3.2.
7.3.1 Limits on the couplings
We extract simultaneous limits on all the anomalous couplings using all the observables us-
ing MCMC method. We perform this analysis in two ways: (i) vary effective vertex factors
couplings (cLi ) and (ii) vary effective operators couplings (c
O
i ) and translate them in to ef-
fective vertex factors couplings (cLgi ). The definitions for c
L
i , c
O
i , and c
Lg
i can be found
in Eqs. (6.0.4), (6.0.3), and (6.0.5), respectively. The 95 % BCI (Bayesian confidence in-
terval) obtained on aTGC are listed in Table 7.4 for four choices of integrated luminosities:
L = 35.9 fb−1, L = 100 fb−1, L = 300 fb−1 and L = 1000 fb−1. The correlation among
the parameters are studied (using GetDist [205]) and they are shown in Fig. 7.8 along with
1D projections for effective vertex factors. The limits on the couplings get tighter as the
luminosity is increased, as it should be. The shape of the contours are very circular in all
two-parameter projections as the cross sections dominate in constraining the aTGC. The
same conclusions are drawn when effective operators are varied as independent parameters.
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Table 7.4. The list of simultaneous limits from MCMC at 95 % BCI on the effective vertex cou-
plings cLi and the effective operator couplings c
O
i along with translated limits on effective vertices
cLgi for various luminosities. The notations for c
L
i , c
O
i , and c
Lg
i are given in Eqs. (6.0.4), (6.0.3),
and (6.0.5), respectively.
cLi (10
−3) 35.9 fb−1 100 fb−1 300 fb−1 1000 fb−1
∆gZ1 [−4.20,+2.15] [−3.47,+1.50] [−2.92,+0.963] [−2.48,+0.565]
λZ [−2.24,+2.11] [−1.78,+1.66] [−1.42,+1.30] [−1.14,+1.01]
∆κZ [−83.0,+83.5] [−64.1,+66.6] [−47.9,+52.8] [−34.2,+42.1]
λ˜Z [−2.19,+2.19] [−1.74,+1.72] [−1.38,+1.36] [−1.09,+1.09]
κ˜Z [−88.4,+86.2] [−70.4,+67.5] [−54.9,+51.8] [−43.2,+40.1]
cOi (TeV
−2)
cWWW
Λ2
[−0.565,+0.540] [−0.445,+0.426] [−0.365,+0.327] [−0.258,+0.257]
cW
Λ2
[−0.747,+0.504] [−0.683,+0.397] [−0.624,+0.274] [−0.390,+0.196]
cB
Λ2
[−67.1,+67.8] [−59.2,+60.1] [−52.6,+47.6] [−33.3,+30.9]
cW˜WW
Λ2
[−0.514,+0.516] [−0.430,+0.415] [−0.342,+0.339] [−0.244,+0.252]
cW˜
Λ2
[−68.5,+69.2] [−60.4,+61.2] [−52.0,+52.7] [−32.7,+34.2]
cLgi (10
−3)
∆gZ1 [−3.10,+2.10] [−2.84,+1.65] [−2.59,+1.14] [−1.62,+0.814]
λZ [−2.31,+2.21] [−1.82,+1.74] [−1.49,+1.34] [−1.06,+1.05]
∆κZ [−63.4,+62.1] [−56.4,+54.6] [−44.8,+48.3] [−29.1,+30.6]
λ˜Z [−2.10,+2.11] [−1.76,+1.70] [−1.40,+1.39] [−1.00,+1.03]
κ˜Z [−64.5,+63.8] [−57.1,+56.3] [−49.1,+48.4] [−31.9,+30.5]
The limits on cLgi are tighter compared to the limits on c
L
i (see Table 7.4); the compari-
son between them are shown in the two-parameter marginalised plane in Fig. 7.9 in ∆gZ1 -κ
Z ,
λZ-λ˜Z and κZ-κ˜Z planes as representative for luminosity L = 100 fb−1 (outer contours) and
L = 1000 fb−1 (inner contours). The limits and the contours are roughly same in λZ-λ˜Z
plane. The contours are more symmetric around the SM for cLgi compared to c
L
i , e.g., see
∆gZ1 -κ
Z plane. The limits obtained here for luminosity 35.9 fb−1 are better than the exper-
imentally observed limits at the LHC given in Table 6.1 except on cB and hence on ∆κZ .
This is due to the fact that the LHC analysis [167] uses WW production on top of WZ pro-
duction whereas we only use WZ production process. But our limits on the couplings are
better when compared with the WZ production process alone at the LHC [169]. In Fig. 7.10,
we present the comparison of limits obtained by the CMS analyses with ZW + WW [167]
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Figure 7.8. All the marginalised 1D projections and 2D projections at 95 % BCI from MCMC
in triangular array for the effective vertices (cLi ) for various luminosities at
√
s = 13 TeV using
all the observables.
process and ZW [169] with our estimate with two parameter 95 % BCI contours in the
cWWW/Λ2–cW/Λ2 plane (left-panel) and cW/Λ2–cB/Λ2 plane (right-panel). The contour in
the plane cWWW/Λ2–cW/Λ2 in our estimate (We expect) (solid/green line) is tighter com-
pared to both CMS ZW +WW (dashed/black line) and CMS ZW analyses (dotted/blue line).
This is because we use binned cross sections in the analysis. The limit on the couplings
cB/Λ2 (right-panel) on the other hand is tighter, yet comparable, with CMS ZW and weaker
than the CMS ZW + WW analysis because the ZW process itself is less sensitive to cW .
7.3 Probe of the anomalous couplings 139
cLi c
Lg
i
−5.0 −2.5 0.0 2.5
∆gZ1 (10
−3)
−100
−50
0
50
100
∆
κ
Z
(1
0
−
3
)
95% C.L.
−3.0 −1.5 0.0 1.5 3.0
λZ(10−3)
−3.0
−1.5
0.0
1.5
3.0
λ˜
Z
(1
0
−
3
)
100 fb−1
1000 fb−1
−100 −50 0 50 100
∆κZ(10−3)
−100
−50
0
50
100
κ˜
Z
(1
0
−
3
)
1
Figure 7.9. The marginalised 2D projections at 95 % BCI from MCMC in the ∆gZ1 -∆κ
Z , λZ-
λ˜Z , and ∆κZ-κ˜Z planes are shown in solid/red when the effective vertex factors (cLi ) are treated
independent, while shown in dashed/green when the operators are treated independent (cLgi ) for
luminositiesL = 1000 fb−1 (two inner contours) andL = 100 fb−1 (two outer contours) at
√
s =
13 TeV using all the observables.
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Figure 7.10. The two parameter 95 % C.L. contours in the cWWW/Λ2–cW/Λ2 plane (left-panel)
and cW/Λ2–cB/Λ2 plane (right-panel) for our estimate in solid/green lines, for CMS ZW + WW
in dashed/black lines and for CMS ZW in dotted/blue lines at
√
s = 13 TeV and L = 35.9 fb−1
using all the observables.
7.3.2 The role of asymmetries in parameter extraction
The asymmetries are subdominant in constraining the couplings much like seen in Ref. [106]
for pp→ ZZ case. But the asymmetries help significantly giving directional constraint in the
parameter space. To see this, we perform a toy analysis to extract non zero anomalous
couplings with pseudo data generated by the set of anomalous couplings of
aTGC-Bench : {∆gZ1 ,λZ ,∆κZ , λ˜Z , κ˜Z} = {0.01,0.01,0.1,0.01,0.1} (7.3.1)
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Figure 7.11. The marginalised 1D projections for the couplings ∆gZ1 , λ
Z , ∆κZ , and κ˜Z in
top-panel and 2D projections at 95 % BCI on ∆gZ1 –κ˜
Z , λZ–λ˜Z , ∆κZ–κ˜Z , and ∆κZ–λ˜Z planes in
bottom-panel from MCMC with observables σi (dotted/red line), σi + A∆φ + AZi (dashed/blue
line) and σi + A∆φ+ AZi + A
W
i (solid/green line) for aTGC-Bench couplings {∆gZ1 ,λZ ,∆κZ , λ˜Z , κ˜Z} ={0.01,0.01,0.1,0.01,0.1} at √s = 13 TeV andL = 100 fb−1.
using MCMC method. We choose these benchmark couplings well above the current limits
so as to mimic a situation of deviation from the SM is observed, as we have considered for
ZZ production in chapter 5. In Fig. 7.11, we show the posterior marginalised 1D projections
for the couplings ∆gZ1 , λ
Z , ∆κZ , and κ˜Z in top-panel and 2D projections at 95 % BCI on
∆gZ1 –κ˜
Z , λZ–λ˜Z , ∆κZ–κ˜Z , and ∆κZ–λ˜Z planes in bottom-panel. We extract the limits using σi
only (dotted/red line), using σi along with A∆φ + AZi (dashed/blue line) and all observables
σi + A∆φ+ AZi + A
W
i (solid/green line) for integrated luminosity ofL = 100 fb
−1. The dashed
lines in 1D projections and dot (•) in the 2D contours represent the SM point, while the
dotted lines in 1D projections and star-mark (?) in the contours represent the couplings from
aTGC-Bench. As the asymmetries A∆φ and asymmetries of Z (AZi ) are added on top of the
cross sections, the measurement gets better and it further gets better when the asymmetries
of W (AWi ) are added, which can be seen from both 1D projections and 2D contours. The
cross sections are blind to the orientation of aTGC-Bench couplings and sensitive only to
the magnitude of deviation from the SM. The asymmetries, however, give direction to the
measurement, e.g., in ∆κZ–κ˜Z plane σi + A∆φ + AZi provide two patches (excluding the SM),
and we get one single (true) region when using all the asymmetries along with the cross
sections. In the λZ-λ˜Z plane the asymmetries could not provide a direction, however, they
shrink the 95 % contours from simply connected patch to an annular region (excluding the
SM). For the other couplings the asymmetries favour the regions of the correct solution of
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aTGC-Bench couplings. For higher luminosities (not shown here), the contours become
tighter, and the 1D curves become sharper centred around the aTGC-Bench couplings when
using σi + Ai, while σi alone remain blind to the aTGC-Bench. Thus the asymmetries help
in the measurement of anomalous couplings provided an excess of events of aTGC kind are
observed.
We note that the 3l + ET excess in the lower pT (Z) region at the LHC [169] interpreted
by two extra scaler [246] may be fitted by aTGC, which is beyond the scope of this present
work.
7.4 Summary
To summarize this chapter, we studied the WWZ anomalous couplings in the ZW± produc-
tion at the LHC and examined the role of polarization asymmetries together with ∆φ(lW ,Z)
asymmetry and forward-backward asymmetry on the estimation of limits on the anomalous
couplings. We reconstructed the missing neutrino momentum by choosing the small |pz(ν)|
from the two-fold solutions and estimated the W polarization asymmetries, while the Z po-
larization asymmetries are kept free from any reconstruction ambiguity. We generated NLO
events at mg5_aMC for about 100 sets of anomalous couplings and used them for the numeri-
cal fitting of semi-analytic expressions of all the observables as a function of couplings. We
estimated simultaneous limits on the anomalous couplings using MCMC method for both
effective vertex formalism and effective operator approach for luminosities 35.9 fb−1, 100
fb−1, 300 fb−1 and 1000 fb−1. The limits obtained for L = 35.9 fb−1 are tighter than the
available limits obtained at the LHC (see Table 6.1 & 7.4) except on cW (and ∆κZ). The
asymmetries are helpful in extracting the values of anomalous couplings if a deviation from
the SM is observed at the LHC. We performed a toy analysis of parameter extraction with
some benchmark aTGC couplings and observed that the inclusion of asymmetries to the
cross sections improves the parameter extraction significantly.

8 Conclusions and outlooks
It is for sure that new physics beyond the SM is needed to address many open questions of
the SM. So far, there is no hint of new physics at the LHC. The new physics scale could
be standing at very high energy not to be directly observed at the current energy range.
These high scale new physics may leave footprints in the present energy through higher
dimensional effective operators, which often predict new vertices or modify some of the SM
vertices. These new or modified vertices are called anomalous couplings. This thesis deals
in probing the anomalous triple gauge boson couplings, i.e., new VVZ (V = Z/γ) vertices as
well as new and modified WWV vertices at various colliders. Precise measurements of these
gauge boson self couplings can help us to understand the electroweak symmetry breaking in
detail. As the Z boson and W boson has polarized couplings to the electrons and quarks, they
are produced polarized in any process. The inclusion of aTGC further modifies the values of
the polarizations of the gauge bosons. Thus, the polarizations, along with the cross sections,
can be used to probe the aTGC in a collider.
A spin-1 particle has a total of eight polarizations which are three degrees of vector polar-
izations and five degrees of tensor polarizations, see chapter 2. The polarizations are related
to the various combinations of the elements of the production density matrix of the particle.
The information for the polarizations is transferred to the angular distributions of the decay
products of the particle. So, the polarizations can be measured from the production density
matrix as well as from the angular information of their decayed products by constructing
some asymmetries in a Monte-Carlo event generator or a real collider. The density matrix
method and the method of asymmetry from decay distributions of calculating polarizations
of a spin-1 particle are shown to be consistent through the examples of the processes ZZ, Zγ
and W+W− productions at an e+e− collider in the SM. These polarization asymmetries, along
with the cross sections and other asymmetries, are used to probe the aTGC in the di-boson
productions processes (ZZ, Zγ, and W+W−) at an e+-e− collider as well as (ZZ and W±Z) at
the LHC.
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In the e+-e− collider (chapters 3, 4 & 6), we calculated the polarization asymmetries from
the production density matrix by analytical helicity amplitude method, while we estimated
them from the decay angular distributions at the LHC (chapters 5 & 7). Some of the polar-
ization asymmetries are CP-even while some others are CP-odd. The CP-odd nature of the
couplings can be identified by the CP-odd polarization asymmetries Ay, Axy, and Ayz. A CP-
even polarization asymmetry can also identify a CP-odd couplings in a suitable kinematic
region, e.g., the CP-even asymmetry Ax2−y2 probes CP-odd couplings in the ZZ production,
discussed in chapter 5. Although Az, Axz, and Ayz are zero in ZZ and Zγ production (see
chapter 3), they can be made non-zero by little modification using the direction of Z, see
chapter 4. The spin of the gauge bosons has different orientation for different polar angle
orientation in a general two-body reaction. Thus the gauge boson poses different values of
polarizations for different polar orientations. We used this information to make bins w.r.t. the
polar angle of W and calculated it’s polarizations in each bin in the WW production process,
discussed in chapter 6.
For the aTGC, we restricted ourselves up to the dimension-6 terms for both the form
factors (respecting the Lorentz invariance and U(1)EM) as well as the effective operators (re-
specting the SM gauge symmetry). As the effective operators for neutral aTGC appear at
dimension-8 onward, we studied the neutral aTGC using the form factor approach (chap-
ters 3, 4, & 5). For the charged aTGC, however, we studied both the form factors as well
as effective operators (chapter 6 & 7). We considered the dimension-6 operator up to their
quadratic contribution as the linear approximation is not valid, see appendix C.2.
We studied the sensitivity of the polarization asymmetries along with the cross sections
to the anomalous couplings and found their one parameter limits. There is a particular polar-
ization asymmetry which is highly correlated to a particular aTGC parameter giving us the
best suitable observable for each parameter, e.g., see chapter 3. We estimated the simultane-
ous limits on the aTGC using the MCMC method for different luminosities. The polarization
asymmetries give significant improvement on the constraints of the aTGC at e+-e− collider,
but not at the LHC. However, the polarization asymmetries show directional limits and help
to pinpoint non-zero aTGC values at the LHC. To demonstrate this, we performed a toy anal-
ysis of parameter extraction with some benchmark aTGC and observed that the inclusion of
the asymmetries to the cross sections improves the parameter extraction significantly in both
ZZ (chapter 5) and ZW± (chapter 7) productions at the LHC. The limits on the couplings, for
the charged aTGC, are tighter when S U(2)×U(1) symmetry is assumed, see chapter 6 & 7.
In the ZW± production process (chapter 7), the ∆φ(lW ,Z) asymmetry is used, along with the
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forward-backward asymmetry, polarization asymmetries and cross sections. This azimuthal
asymmetry is more sensitive to aTGC than the polarization asymmetries. We reconstructed
the missing neutrino momenta by choosing small |pz(ν)| from the two-fold solutions and es-
timated the W asymmetries, while the Z asymmetries are free from any such reconstruction
ambiguity.
The beam polarization at e+-e− collider plays a vital role in probing the aTGC. The limits
on the aTGC get improved by suitably tuning the beam polarizations. We estimated the best
choice of beam polarization based on average likelihood to put the tightest constraints on
the anomalous couplings. The best choice of beam polarization changes as the values of
the anomalous couplings change. Thus, we estimated the best choice of beam polarizations
using the likelihood, averaged over the couplings. The best choices are found to be in the
extreme corner (±0.8,∓0.8 for e− and e+) when beam polarizations are combined with their
opposite choices for both ZV (chapter 4) and WW (chapter 6) production processes. For
fixed beam polarizations, however, the best choices are (∼ 0.1,∼ −0.1) and (0.4,−0.4) for ZV
and WW production, respectively.
The polarization asymmetries of the Z and W have shown promising results in probing
the anomalous gauge boson couplings. They provide a large set of observables to obtain
simultaneous limits on a large set of anomalous couplings, ZZ/Zγ has 4 couplings, and
W+W− has 14 couplings. In all the analyses, we consider certain simplifying assumptions,
such as the absence of initial-state/final-state radiation, hadronization, and detector effects.
The limits on the aTGC are expected to get dilute if we consider those realistic effects, but
the qualitative features of the observables will remain the same.
In conclusion, we proposed some novel techniques to probe new physics beyond the SM
at colliders. Application of these techniques to the data from the LHC and future colliders
may reveal the underlying mechanism of the electroweak symmetry breaking and help to
discover new physics.
Outlooks
The spins of the gauge bosons in the di-boson production processes are correlated, pro-
viding 64 potential correlators, see chapter 2. Their spins could be correlated even if they
are produced unpolarized individually, e.g., tt¯ production case at the LHC. In our analyses,
we did not use the spin-spin correlations of the gauge bosons for simplicity; they would
improve the results if used. Apart from the anomalous triple gauge boson couplings, the
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polarization observables can be used to study any new physics associated with them. For
example, one can study the anomalous quartic gauge boson couplings and Higgs to gauge
boson couplings in processes like triple gauge boson production (VVV) [201, 202], vec-
tor boson scattering [203], tt¯Z production, VHH production [251], VVH production. The
polarization observables are also helpful in probing the FCNC interactions [180], e.g., tqZ
couplings. Besides these, polarizations of gauge bosons can help in probing SUSY, extra
dimension, and dark matter by looking at their SM backgrounds. The effective operators
that we consider for the aTGC may also provide quartic couplings which appear in different
processes [201–203, 252]. One can consider all the processes containing the contribution of
a given operator and derive a limit on it at a given collider for a complete study.
Appendices
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A The Standard Model Feynman
rules in the electroweak theory
The Pauli sigma matrices are
σ1 = σx =
0 11 0
 , σ2 = σy =
0 −ii 0
 , σ3 = σz =
1 00 −1
 . (A.0.1)
The γ matrices in Dirac basis are given by:
γ0 =
I2×2 00 −I2×2
 , γk =
 0 σk−σk 0
 , γ5 = iγ0γ1γ2γ3 =
 0 I2×2I2×2 0
 , k = 1,2,3. (A.0.2)
The Feynman rules in the electroweak theory, which are used in this thesis, are given
below.
Dirac propagator :
p
=
i
/p−m + iε
Photon propagator :
γ(p)
µ ν =
−igµν
p2 + iε
Massive boson propagator :
p
µ ν =
i
(
−gµν+ pµpνm2
)
p2−m2 + iε
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Aµ
f
f¯
= iQ f eγµ
W±µ
f (l−)
f¯ (ν¯l)
= − ig
2
√
2
γµ(1−γ5)
W±µ
qu,A
qd,B
= − ig
2
√
2
γµ(1−γ5)VAB
Zµ
f
f¯
= − ig
cosθW
γµ
 T3
1
2
(1−γ5)−Qsin2 θW︸                        ︷︷                        ︸
CL 12 (1−γ5)+CR 12 (1+γ5)≡(v f−a f γ5)

Vρ
W+µ
W−ν
p1
p2
p3
= − igWWV
[
gµν(p1− p2)ρ+ gνρ(p2− p3)µ
+gρµ(p3− p1)µ
]
gWWZ = −ecotθW , gWWγ = −e
B Helicity amplitudes and
polarization observables in
e+e−→ ZZ/Zγ
B.1 Helicity amplitudes
Vertices in SM are taken as
e−e+Zµ⇒ −igZ
2
γµ (CLPL +CRPR) ,
e−e+γµ⇒ igeγµ, (B.1.1)
where CL =−1+2sin2 θW , CR = 2sin2 θW , with sin2 θW = 1−
(
mW
mZ
)2
. Here θW is the Weinberg
mixing angle. The couplings ge, gZ are given by,
ge = e =
√
4piαEM and gZ =
ge
cosθW sinθW
. (B.1.2)
PL =
1−γ5
2 , PR =
1+γ5
2 are the left and right chiral operators. Here sinθ and cosθ are written
as sθ and cθ respectively.
B.1.1 For the process e+e−→ ZZ
The four-momentum of the particles in this process are (see Fig. B.1)
pµ1 =
√
sˆ
2
{1,0,0,1} , pµ2 =
√
sˆ
2
{1,0,0,−1}
kµ1 =
√
sˆ
2
{1,−βsinθ,0,−βcosθ} , kµ2 =
√
sˆ
2
{1,βsinθ,0,βcosθ} , (B.1.3)
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θ
1
Figure B.1. Schematic diagram for e−e+→ ZV kinematics.
√
sˆ being the centre-of-mass energy of the colliding beams. The on-shell condition of Z,
k21 = k
2
2 = m
2
Z gives β as
β =
√
1− 4m
2
Z
sˆ
. (B.1.4)
We also define f Z = f Z4 + i f
Z
5 β, f
γ = f γ4 + i f
γ
5 β.
Mλe− ,λe+ ,λz(1),λz(2) = MS M +MaTGC
M+,−,+,+ = −
ig2ZC
2
R
(
1−β2
)
cθsθ
1 + 2β2
(
1−2c2θ
)
+β4
M+,−,+,0 = −
ig2ZC
2
R
√
1−β2
(
1−2cθ +β2
)
(1 + cθ)√
2
(
1 + 2β2
(
1−2c2θ
)
+β4
) − √2(1 + cθ)geβ (2ge f γ−CRgZ f Z)(
1−β2)3/2
M+,−,+,− =
ig2ZC
2
R
(
1 +β2
)
(1 + cθ)sθ
1 + 2β2
(
1−2c2θ
)
+β4
M+,−,0,+ =
ig2ZC
2
R
√
1−β2
(
1 + 2cθ +β2
)
(1− cθ)√
2
(
1 + 2β2
(
1−2c2θ
)
+β4
) + √2(1− cθ)geβ (2ge f γ−CRgZ f Z)(
1−β2)3/2
M+,−,0,0 = −
2ig2ZC
2
R
(
1−β2
)
cθsθ
1 + 2β2
(
1−2c2θ
)
+β4
M+,−,0,− = −
ig2ZC
2
R
√
1−β2
(
1−2cθ +β2
)
(1 + cθ)√
2
(
1 + 2β2
(
1−2c2θ
)
+β4
)
+
√
2(1 + cθ)geβ
(
2ge f γ?−CRgZ f Z?
)
(
1−β2)3/2
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M+,−,−,+ = −
ig2ZC
2
R
(
1 +β2
)
(1− cθ)sθ
1 + 2β2
(
1−2c2θ
)
+β4
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ig2ZC
2
R
√
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(
1 + 2cθ +β2
)
(1− cθ)√
2
(
1 + 2β2
(
1−2c2θ
)
+β4
) − √2(1− cθ)geβ (2ge f γ?−CRgZ f Z?)(
1−β2)3/2
M+,−,−,− = −
ig2ZC
2
R
(
1−β2
)
cθsθ
1 + 2β2
(
1−2c2θ
)
+β4
M−,+,+,+ = −
ig2ZC
2
L
(
1−β2
)
cθsθ
1 + 2β2
(
1−2c2θ
)
+β4
M−,+,+,0 = −
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(1 + cθ)√
2
(
1 + 2β2
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) − √2(1 + cθ)geβ (2ge f γ−CLgZ f Z)(
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2ig2ZC
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(
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cθsθ
1 + 2β2
(
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(
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(
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ig2ZC
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(
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cθsθ
1 + 2β2
(
1−2c2θ
)
+β4
(B.1.5)
B.1.2 For the process e+e−→ Zγ
The four momentum of the particles in this process are
pµ1 =
√
sˆ
2
{1,0,0,1} , pµ2 =
√
sˆ
2
{1,0,0,−1}
kµ1 =
√
sˆ
2
{β,−βsinθ,0,−βcosθ} , kµ2 =
√
sˆ
2
{2−β,βsinθ,0,βcosθ} . (B.1.6)
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The four momentum of γ satisfy k21 = 0. The onn-shell condition of Z, k
2
2 = m
2
Z provides β as
β = 1− M
2
Z
sˆ
. (B.1.7)
We define hγ = hγ1 + ih
γ
3 and h
Z = hZ1 + ih
Z
3 .
Mλe− ,λe+ ,λz,λγ = MS M +MaTGC
M+,−,+,+ =
−igegZCRsθ(1−β)
β(1− cθ) −
ge
(
2gehγ−CRgZhZ
)
sθβ
4(1−β)
M+,−,+,− =
igegZCRsθ
β(1− cθ)
M+,−,0,+ =
i
√
2gegZCR
√
1−β
β
+
(1− cθ)ge
(
2gehγ−CRgZhZ
)
β
4
√
2(1−β)3/2
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−i√2gegZCR
√
1−β
β
+
(1 + cθ)ge
(
2gehγ?−CRgZhZ?
)
β
4
√
2(1−β)3/2
M+,−,−,+ =
−igegZCRsθ
β(1 + cθ)
M+,−,−,− =
igegZ(1−β)sθ
β(1 + cθ)
−
ge
(
2gehγ?−CRgZhZ?
)
sθβ
4(1−β)
M−,+,+,+ =
igegZCLsθ(1−β)
β(1 + cθ)
−
ge
(
2gehγ−CLgZhZ
)
sθβ
4(1−β)
M−,+,+,− =
−igegZCLsθ
β(1 + cθ)
M−,+,0,+ =
i
√
2gegZCL
√
1−β
β
−
(1 + cθ)ge
(
2gehγ−CLgZhZ
)
β
4
√
2(1−β)3/2
M−,+,0,− =
−i√2gegZCL
√
1−β
β
−
(1− cθ)ge
(
2gehγ?−CLgZhZ?
)
β
4
√
2(1−β)3/2
M−,+,−,+ =
igegZCLsθ
β(1− cθ)
M−,+,−,− =
−igegZCL(1−β)sθ
β(1− cθ) −
ge
(
2gehγ?−CLgZhZ?
)
sθβ
4(1−β) (B.1.8)
B.2 Polarization observables
B.2.1 For the process e+e−→ ZZ
σ(e+e−→ ZZ) = 1
2
1
32piβsˆ
σ˜ZZ (B.2.1)
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σ˜ZZ =
1
2
g4Z
(
C4L +C
4
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)
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β+β3
) −1
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− 64gZg3e (CL +CR)
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f γ4 f
Z
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γ
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Z
5 β
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+ 128g4e
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2 + ( f γ5 )
2β2
)
3
(
1−β2)3 (B.2.2)
σ˜ZZ ×Px = g4Z
(
C4L−C4R
) pi(1−β2)3/2
4(1 +β2)
+ g3Zge
(
C3L +C
3
R
) f Z5 piβ2(1 + 2β2)
4(1−β2)3/2
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2(1−β2)3/2 (B.2.3)
σ˜ZZ ×Py = −g3Zge
(
C3L +C
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2
Zg
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(B.2.4)
σ˜ZZ ×Txy = g3Zge
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−g2Zg2e
(
C2L−C2R
) √3
4
f γ4 fxy(β) + g
2
Zg
2
e
(
C2L +C
2
R
) 4√
3
f Z4 f
Z
5 β
3(
1−β2)3
+gZg3e (CL +CR)
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σ˜ZZ × (Txx−Tyy) = g4Z
(
C4L +C
4
R
) √3
2
(
1−β2
) (
2β−
(
1 +β2
)
log
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8β3
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B.2.2 For the process e+e−→ Zγ
σ(e+e−→ Zγ) = 1
32piβsˆ
σ˜Zγ, cθ ∈ [−cθ0 ,cθ0] (B.2.8)
σ˜Zγ = −g2eg2Z
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σ˜Zγ×Px = g2eg2Z
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σ˜Zγ×Py = g2eg2Z
(
C2L +C
2
R
) hZ1 (cθ0 sθ0β− (4−β) sin−1(cθ0))
8(1−β)3/2
−g3egZ (CL +CR)
hγ1
(
cθ0 sθ0β− (4−β) sin−1(cθ0)
)
4(1−β)3/2 (B.2.11)
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C Polarization observables of Z
boson in ZZ production at the LHC
The production density matrix at the LHC will be
ρ
(
λ,λ′
)
=
∫
dx1 f1
(
x1,Q2
)∫
dx2 f2
(
x2,Q2
)
ρˆ
(
λ,λ′
)
, (C.0.1)
where ρˆ is the parton level density matrix, f1
(
x1,Q2
)
and f2
(
x2,Q2
)
are the parton distribu-
tion functions for two parton from the two colliding protons with energy fraction x1 and x2,
respectively. The Q is the scale factor assumed. The observables are calculated using the
distribution of the decay products of the Z boson, not from the production density matrix.
Events were generated in MadGraph5_aMC@NLO for a set of couplings values, functional
form of the observables were obtained by numerical fitting the data. The observables are
listed below.
C.1 Expressions of observables
σ(M4l > 0.3 TeV) = 7.9503 + f
γ
5 ×16.886 + f Z5 ×4.0609 + f γ4 f Z4 ×58561
+ f γ5 f
Z
5 ×54131 + ( f γ4 )2×58771 + ( f Z4 )2×81647
+ ( f γ5 )
2×55210 + ( f Z5 )2×78325 fb (C.1.1)
σ(M4l > 0.7 TeV) = 0.37616 + f
γ
5 ×3.8161 + f Z5 ×2.9704 + f γ4 f Z4 ×55005
+ f γ5 f
Z
5 ×52706 + ( f γ4 )2×57982 + ( f Z4 )2×80035
+ ( f γ5 )
2×57131 + ( f Z5 )2×78515 fb (C.1.2)
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σ(M4l > 1 TeV) = 0.096685 + f
γ
5 ×1.9492 + f Z5 ×1.7106 + f γ4 f Z4 ×51788
+ f γ5 f
Z
5 ×51204 + ( f γ4 )2×54933 + ( f Z4 )2×75432
+ ( f γ5 )
2×54507 + ( f Z5 )2×74466 fb (C.1.3)
Anum.xz (M4l > 0.3 TeV) = −0.77152 + f γ5 ×6.1912 + f Z5 ×7.8270 + f γ4 f Z4 ×2869.5
+ f γ5 f
Z
5 ×396.94 + ( f γ4 )2×1029.7 + ( f Z4 )2×2298.7
− ( f γ5 )2×274.02− ( f Z5 )2×1495.5 fb (C.1.4)
Anum.x2−y2(M4l > 0.3 TeV) = −0.94583 + f
γ
5 ×2.4091− f Z5 ×0.17878 + f γ4 f Z4 ×2700.4
− f γ5 f Z5 ×5491.1 + ( f γ4 )2×4298.7 + ( f Z4 )2×5835.1
− ( f γ5 )2×6576.7− ( f Z5 )2×8467.8 fb (C.1.5)
Anum.x2−y2(M4l > 0.7 TeV) = −0.04295 + f
γ
5 ×1.5563 + f Z5 ×0.37094 + f γ4 f Z4 ×3299.8
− f γ5 f Z5 ×5853.9 + ( f γ4 )2×4241.8 + ( f Z4 )2×5679.3
− ( f γ5 )2×6520.1− ( f Z5 )2×8559.3 fb (C.1.6)
Anum.zz (M4l > 0.7 TeV) = 0.048175− f γ5 ×0.12125− f Z5 ×1.5339− f γ4 f Z4 ×6449.2
− f γ5 f Z5 ×5860.4− ( f γ4 )2×6344.7− ( f Z4 )2×8907.4
− ( f γ5 )2×6457.7− ( f Z5 )2×8346.8 fb (C.1.7)
The asymmetries will be given as,
A˜xz =
Anum.xz (M4l > 0.3 TeV)
σ(M4l > 0.3 TeV)
Ax2−y2 =
Anum.
x2−y2(M4l > 0.7 TeV)
σ(M4l > 0.7 TeV)
Azz =
Anum.zz (M4l > 0.7 TeV)
σ(M4l > 0.7 TeV)
(C.1.8)
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C.2 Note on linear approximation
We note that, the linear approximation of considering anomalous couplings will be valid if
the quadratic contribution on the cross section will be much smaller than the linear contribu-
tion, i.e.,
| fi×σi|  | f 2i ×σii|, or | fi| 
σi
σii
, (C.2.1)
whereσi andσii are the linear and quadratic coefficient of the coupling fi in the cross section.
Based on σ(M4l > 1 TeV) in Eq. (C.1.3) the linear approximation constrain f V5 as
| f Z5 |  2.2×10−5, | f γ5 |  3.5×10−5, (C.2.2)
which are much much smaller than the limit (see Eq. (5.0.2)) observed at the LHC [146]. To
this end we keep terms upto quadratic in couplings in our analysis.

D The helicity amplitudes in
e+e−→W+W− in SM+aTGC
We compute the processes
e−(k1,λe−) + e+(k2,λe+)→W−α (q,λW−) + W+β (q¯,λW+). (D.0.1)
The helicity amplitudes for this process in SM in the t-channel (MT ), SM+aTGC in Z-
mediated s-channel (MsZ) and γ-mediated s-channel (Msγ) are given by,
iMT (λe− ,λe+ ,λW− ,λW+) = iv¯(k2,λe+)
(−igW
2
√
2
γβ(1−γ5)
)(
i
(/k1− /q)
)(−igW
2
√
2
γα(1−γ5)
)
u(k1,λe−)?β (q¯,λW+)α(q,λW−), (D.0.2)
iMsZ(λe− ,λe+ ,λW− ,λW+) = iv¯(k2,λe+)
(−igZ
2
γρ(ve−aeγ5)
)
u(k1,λe−)
−i
(
gρµ− PρPµm2Z
)
P2−m2Z

(
igWWZΓ
µαβ
Z? (P,q, q¯)
)
?β (q¯,λW+)α(q,λW−), (D.0.3)
iMsγ(λe− ,λe+ ,λW− ,λW+) = iv¯(k2,λe+)
(
igeγρ
)
u(k1,λe−)
(−igρµ
P2
)
(
igWWγΓ
µαβ
γ?
(P,q, q¯)
)
?β (q¯,λW+)α(q,λW−). (D.0.4)
The total helicity matrix element is thus
Mtot(λe− ,λe+ ,λW− ,λW+) = MT (λe− ,λe+ ,λW− ,λW+) +MsZ(λe− ,λe+ ,λW− ,λW+)
+ Msγ(λe− ,λe+ ,λW− ,λW+) (D.0.5)
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e−(kµ1 ) e
+(kµ2 )
W−(qµ)
W+(q¯µ)
θ
1
Figure D.1. Schematic diagram for e−e+→W−W+ kinematics.
The WWV vertex factor
(
igWWγΓ
µαβ
γ?
(P,q, q¯)
)
contains both SM and aTGC contribution and
they are given in Eq. (6.2.1) with the relation in Eq. (6.2.2) to the Lagrangian in Eq. (6.0.2).
Here, the coupling constants are
gW =
ge
sw
, gZ =
gW
cw
, cw = cosθW =
mW
mZ
, sw =
√
1− c2w,
gWWγ = −ge, gWWZ = −ge cwsw , ge = e =
√
4piαEM. (D.0.6)
The four-momentum of the particles in this process are (see Fig. D.1)
kµ1 =
√
sˆ
2
{1,0,0,1} , kµ2 =
√
sˆ
2
{1,0,0,−1}
qµ =
√
sˆ
2
{1,−βsinθ,0,−βcosθ} , q¯µ =
√
sˆ
2
{1,βsinθ,0,βcosθ} , (D.0.7)
√
sˆ being the centre-of-mass energy of the colliding beams. The on-shell condition of W±,
q2 = q¯2 = m2W gives β as
β =
√
1− 4m
2
W
sˆ
. (D.0.8)
The polarization vector for the W’s are similar as in Eq. (3.1.12) and they are
µ(q,±) = 1√
2
{0,∓cosθ,−i,±cosθ} ,
µ(q,0) =
1
mW
{|~q|,q0 sinθ,0,q0 cosθ} . (D.0.9)
The density matrix is calculated in the similar way as in given Eq. (3.1.15) with the symmetry
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factor S = 1 and replacing Z and V with W− and W+ respectively.
The non-zero helicity amplitudes in SM including aTGC for this process are given below
with the following notations,
cθ = cosθ, sθ = sinθ.
MT (λe− ,λe+ ,λW+ ,λW−) =MS M +MaTGC
M−,+,−,− =
(1 + cθ)g2W sθ
1−2cθβ+β2
M−,+,−,0 =
(1 + cθ)
2gWWγgeβ− sˆgZ gWWZ(a f +v f )βsˆ−m2Z −
g2W
(
1−2cθ+2β−β2
)
1−2cθβ+β2
√
2−2β2
+
1
√
2
(
1−β2
)3/2 (1 + cθ)(gWWγge(i f γ6 (1−β2)−β( f γ3 − f γ3 β2
− i f γ4
(
1−β2
)
−β
(
2i f˜ γ7 + f
γ
5
(
1−β2
))))
−
1
2 sˆgZgWWZ(a f + v f )
sˆ−m2Z(
i f Z6
(
1−β2
)
−β
(
f Z3 − f Z3 β2 + i f Z4
(
1−β2
)
+ β
(
2i f˜ Z7 + f
Z
5
(
1−β2
)))))
M−,+,−,+ = −sθ
gWWγgeβ− 12 sˆgZ gWWZ(a f + v f )βsˆ−m2Z +
g2W(cθ −β)
1−2cθβ+β2

+ sθ
gWWγge( f γ1 β− i f γ6 )− 12 sˆgZ gWWZ(a f + v f )( f Z1 β− i f Z6 )sˆ−m2Z

M−,+,0,− = −
(1 + cθ)
2gWWγgeβ− sˆgZ gWWZ(a f +v f )βsˆ−m2Z −
g2W
(
1−2cθ+2β−β2
)
1−2cθβ+β2
√
2−2β2
+
(1 + cθ)
√
2
(
1−β2
)3/2
(
gWWγge
(
i f γ6
(
1−β2
)
+β
(
f γ3 − f γ3 β2 + i f γ4
(
1−β2
)
+ β
(
2i f˜ γ7 + f
γ
5
(
−1 +β2
))))
−
1
2 sˆgZgWWZ(a f + v f )
sˆ−m2Z
(
i f Z6
(
1−β2
)
+ β
(
f Z3 − f Z3 β2 + i f Z4
(
1−β2
)
+β
(
2i f˜ Z7 − f Z5
(
1−β2
)))))
M−,+,0,0 =
sθ
gWWγgeβ
(
3−β2
)
−
1
2 sˆgZgWWZ(a f +v f )β
(
3−β2
)
sˆ−m2Z
+
g2W
(
2cθ−3β+β3
)
1−2cθβ+β2
(
1−β2)
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+
sθ(
1−β2)2
(
gWWγgeβ
(
f γ1 −2 f γ3 −4 f γ2 β2 + 2 f γ3 β2− f γ1 β4
)
+
1
2 sˆgZ gWWZ(a f + v f )β
(
2
(
f Z3 + 2 f
Z
2 β
2− f Z3 β2
)
− f Z1
(
1−β4
))
sˆ−m2Z
)
M−,+,0,+ =
(1− cθ)(
sˆ−m2Z
) √
2−2β2
(
1−2cθβ+β2
)(m2Z(g2W(1 + 2cθ −2β−β2)
+ 2gWWγgeβ
(
1−2cθβ+β2
))
− sˆ
(
g2W
(
1 + 2cθ −2β−β2
)
+ (2gWWγge−gZ gWWZ(a f + v f ))β
(
1−2cθβ+β2
)))
+
(1− cθ)
√
2
(
1−β2
)3/2 (−gWWγge(− i f γ6 (−1 +β2)+β( f γ3 (−1 +β2)
+ i f γ4
(
−1 +β2
)
+β
(
2i f˜ γ7 + f
γ
5
(
−1 +β2
))))
+
1
2 sˆgZ gWWZ(a f + v f )
sˆ−m2Z(
− i f Z6
(
−1 +β2
)
+β
(
f Z3
(
−1 +β2
)
+ i f Z4
(
−1 +β2
)
+ β
(
2i f˜ Z7 + f
Z
5
(
−1 +β2
)))))
M−,+,+,− = sθ
−gWWγgeβ+ 12 sˆgZ gWWZ(a f + v f )βsˆ−m2Z −
g2W(cθ −β)
1−2cθβ+β2

+ sθ
gWWγge(i f γ6 + f γ1 β)− 12 sˆgZ gWWZ(a f + v f )(i f Z6 + f Z1 β)sˆ−m2Z

M−,+,+,0 =
(1− cθ)
(
2gWWγgeβ− sˆgZ gWWZ(a f +v f )βsˆ−m2Z +
g2W(1+2cθ−2β−β2)
1−2cθβ+β2
)
√
2−2β2
+
(1− cθ)
√
2
(
1−β2
)3/2
(
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(
− i f γ6
(
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)
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(
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+ i f γ4
(
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)
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(
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γ
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+
1
2 sˆgZgWWZ(a f + v f )
sˆ−m2Z(
− i f Z6
(
−1 +β2
)
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(
f Z3 − f Z3 β2 + i f Z4
(
−1 +β2
)
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(
f Z5 + 2i f˜
Z
7 − f Z5 β2
))))
M−,+,+,+ = −
(1− cθ)g2W sθ
1−2cθβ+β2
M+,−,−,0 = − (1− cθ)β
√
2−2β2(
sˆ−m2Z
)(
1−β2
) (−gWWγgem2Z + 12 sˆ(2gWWγge
+ gZgWWZ(a f − v f )
))
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(1− cθ)
√
2
(
1−β2
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(
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)
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)))))
M+,−,−,+ = sθ
−gWWγge + 12 sˆgZ gWWZ(v f −a f )sˆ−m2Z
β
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1
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)
β(
sˆ−m2Z
) √
1−β2
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√
2
(
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(
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)
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(
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γ
5
(
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))))
+
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i f Z6
(
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)
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(
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(
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)))))
M+,−,0,0 =
sθ
(
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)
β
(
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)
(
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)(
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)
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)2 (gWWγge( f γ1 −2 f γ3 −4 f γ2 β2 + 2 f γ3 β2− f γ1 β4)
+
1
2 sˆgZ gWWZ(a f − v f )
(
f Z1 −2 f Z3 −4 f Z2 β2 + 2 f Z3 β2− f Z1 β4
)
sˆ−m2Z
)
M+,−,0,+ =
√
2(1 + cθ)
(
−gWWγgem2Z + 12 sˆ(2gWWγge + gZgWWZ(a f − v f ))
)
β(
sˆ−m2Z
) √
1−β2
+
(1 + cθ)
√
2
(
1−β2
)3/2 (−gWWγge(i f γ6 (−1 +β2)+β( f γ3 − f γ3 β2
− i f γ4
(
−1 +β2
)
+β
(
f γ5 −2i f˜ γ7 − f γ5 β2
)))
+
1
2 sˆgZ gWWZ(a f − v f )
sˆ−m2Z(
− i f Z6
(
−1 +β2
)
+β
(
f Z3
(
−1 +β2
)
+ i f Z4
(
−1 +β2
)
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+ β
(
2i f˜ Z7 + f
Z
5
(
−1 +β2
)))))
M+,−,+,− = sθ
−gWWγge + 12 sˆgZ gWWZ(v f −a f )sˆ−m2Z
β
+ gWWγgesθ(i f
γ
6 + f
γ
1 β) +
1
2 sˆgZ gWWZ sθ(a f − v f )(i f Z6 + f Z1 β)
sˆ−m2Z
M+,−,+,0 = −
√
2(1 + cθ)
(
−gWWγgem2Z + 12 sˆ(2gWWγge + gZgWWZ(a f − v f ))
)
β(
sˆ−m2Z
) √
1−β2
+
(1 + cθ)
√
2
(
1−β2
)3/2 ( 12 sˆgZ gWWZ(a f − v f )sˆ−m2Z
(
i f Z6
(
1−β2
)
+ β
(
f Z3 − f Z3 β2 + i f Z4
(
−1 +β2
)
+β
(
f Z5 + 2i f˜
Z
7 − f Z5 β2
)))
− gWWγge
(
i f γ6
(
−1 +β2
)
−β
(
f γ3
(
1−β2
)
− i f γ4
(
1−β2
)
+ β
(
2i f˜ γ7 + f
γ
5
(
1−β2
)))))
(D.0.10)
E The fitting procedures of the
observables and their SM values in WZ±
productions at the LHC
E.1 The SM values of the asymmetries and the corre-
sponding polarizations
In Table E.1, we show the SM estimates (with 1σ MC error) of the polarization asymmetries
of Z and W and their corresponding polarizations along with the other asymmetries for our
selection cuts (sel.cut) given in Eq. (7.1.2) and optimized cuts (opt.cut) given Table 7.3.
A number of events of N ' 9.9× 106 satisfy our selection cuts which give the same error
(δAi = 1/
√
N) for all asymmetries, and hence they are given in the top row. As the optimized
cuts for W are same for all asymmetries, the errors for them are also given in the top row.
For the optimized cuts of Z observables, however, the number of events vary and hence the
MC error are given to each asymmetry. The CP-odd polarizations py, Txy, Tyz and their
corresponding asymmetries are consistent with zero in the SM within MC error.
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E.2 Fitting procedure for obtaining observables as a func-
tion of couplings
The SM+aTGC events are generated for about 100 set of couplings
{ci} = {∆gZ1 ,λZ ,∆κZ , λ˜Z , κ˜Z}
in both processes. The values of all the observables are obtained for the set couplings in
the optimized cuts (Table 7.3) and then those are used for numerical fitting to obtain the
semi-analytical expression of all the observables as a function of the couplings. For the cross
sections the following CP-even expression is used to fit the data:
σ({ci}) = σS M +
3∑
i=1
ci×σi +
5∑
i=1
(ci)2×σii + 12
3∑
i=1
3∑
j(,i)=1
cic j×σi j + c4c5×σ45. (E.2.1)
For asymmetries, the numerator and the denominator are fitted separately and then used as
A j({ci}) =
∆σA j({ci})
σA j({ci})
. (E.2.2)
The numerator (∆σA) of CP-odd asymmetries are fitted with the CP-odd expression
∆σA({ci}) =
5∑
i=4
ci×σi +
3∑
i=1
(cic4×σi4 + cic5×σi5) . (E.2.3)
The denominator (σA j) of all the asymmetries and the numerator (∆σA) of CP-even asym-
metries are fitted with the CP-even expression given in Eq. (E.2.1).
We use MCMC method to fit the coefficients of the cross sections with positivity demand,
i.e., σ({ci}) ≥ 0. We use 80 % data to fit the coefficients of the cross sections, and then the
fitted expressions are validated against the rest 20 % of the data and found to be matching
within 2σ MC error. We generated 107 events to keep the MC error as small as possible
even in the tightest optimized cuts. For example, the Azz in ZW+ has the tightest cut on
m3l (see Table 7.3) and yet have very small (0.2 %) MC error (see Table E.1). In Fig. E.1
fitted values of observables are compared against the simulated data for the cross section in
two diagonal bins (top-panel) and the polarization asymmetries Az and Axz (bottom-panel)
in ZW+ production in e+e−µ+νµ channel as representative. The fitted values seem to agree
with the simulated data used within the MC error.
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Figure E.1. The simulated data (in x-axis) vs. fitted values (in y-axis) for the cross section in the
two diagonal bins (top-panel) and the polarization asymmetries Az and Axz (bottom-panel) in in
ZW+ production in e+e−µ+νµ channel at the LHC at
√
s = 13 TeV.
F HEP packages that are used in this
thesis
We have used various high energy physics (HEP) packages for modelling the anomalous
couplings, implementing to event generators, and for analysing events. Below, we give brief
descriptions of them and their role in my thesis.
FeynRules The FeynRules [204] is a Mathematica based HEP package, where one gen-
erates model files for various event generators and get the Feynman rules by implementing
the SM or BSM Lagrangian. One has to provide the FeynRules with the required infor-
mation such as the gauge symmetry, particles, parameters, etc., to describe the QFT model,
contained in the model file with ‘fr’ extension. The FeynRules than calculate the set of
Feynman rules in momentum space associated with the given Lagrangian. The FeynRules
can provide output for various other packages such as, CalcHep [253], FeynArts [254],
Sherpa [255], UFO (Universal FeynRules output), Whizard [256] etc for physics analysis.
MadGRaph5 The MadGRaph5 [190] package named as MadGraph5_aMC@NLO is a Monte-
Carlo event generator for scattering and decay processes in a QFT model. One imports the
UFO model files in a given model in the MadGRaph5 interface and generates events of a
given process with/without kinematical cuts on the final state particles. This can calculate
the cross section and generates events at up to NLO in QCD.
MATRIX The MATRIX [229] can calculate cross section up to NNLO in QCD for some
specific processes already implemented. One can get distributions of various kinematical
variables of the final state particles at LO, NLO and NNLO in QCD and compare the QCD
corrections over the ranges of the variables. This package has no features of generating
events of a process.
173
174 HEP packages that are used in this thesis
GetDist The package GetDist [205, 206] is a Python based package which performs
Bayesian statistics of Monte-Carlo samples. It produces 1D, 2D, even 3D marginalised plots
on the parameter space of interest from the Monte-Carlo samples, e.g., MCMC correlated
samples, and gives simultaneous confidence limits on the parameters.
MadAnalysis5 The MadAnalysis5 [236] is a package for analysing events generated by
a Monte-Carlo event generator (MadGRaph5). The MadAnalysis5 which uses the package
ROOT/python, can give a cut flow analysis and produces nice plots containing several event
files. The package has an expert mode, where one can perform some cut based analysis for
casting some analysis performed at the LHC to derive confidence level exclusions on the sig-
nals. It can perform detector simulations using hadronized events generated by MadGRaph5
and Pythia.
Uses of the packages in the thesis We calculated Feynman rules and produced UFO model
files for MadGRaph5 using the FeynRules package with aTGC Lagrangian in all the pro-
cesses from chapters 3-7. We generated LO model files for processes in e+-e− collider used
in chapters 3, 4 & 6, while we generated NLO in QCD model files for processes at the LHC
as used in chapters 5 & 7. Using the UFO models files generated in FeynRules, we gener-
ated events in MadGRaph5 for e+-e− collider and the LHC over the range of aTGC and beam
energy, and obtained different angular observables from the events. We used these events to
get differential distributions using the package MadAnalysis5 and used in chapters 5 & 7.
The package MATRIX is used to calculate NLO and NNLO cross sections and distributions
of kinematical variables in chapters 5 & 7. The package GetDist is used in all chapters 3-7
to obtain posterior 1D and 2D marginalised plots and simultaneous confidence limits on the
aTGC.
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